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Importance of response function analysis: 
 

- to know the dimensionality of the structures before 
modelling/inverting data 
 

- to correct data from  
static shift, distortion, and rotate to strike  
direction  

 
- to identify hints of anisotropy 

 



Ignoring this step might led to wrong models  
 
 
- Ledo et al. (2002); Ledo (2005): limitations of 3D data 

modelled as 2D 
 
- Miensopust and Jones (2011): artifacts due to anisotropic data 
modelled as isotropic 
 



We might think that 3D inversion solves everything … 
 
 

3D 
INVERSION 

MT DATA 



Instead … 
 
 
- Information from data analysis can be used as constraints for 
3D models: preferred orientations, distorting bodies … 
 

 
 

 
 



About this EMinar: 
 
I will focus on the analysis of MT responses, based on my  
experience:  
 
1) Explain what information about dimensionality and galvanic 
distortion is in the impedance tensor and tipper.  
 
2) Describe methods and tools to analyse it. WAL invariants 
(WALDIM), Phase Tensor, G&B (Strike code) 
 
3) Extend this analysis to anisotropic structures 
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MT responses 
 E(t), H(t)  cross spectra  MT transfer functions (freq. domain) 
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3D 
strike 2D 1D 

Geoelectrical Dimensionality 
Earth MT dimensionality types (for isotropic conductivity): 
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2D cases not measured along the principal directions: 
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( ),x yT T T=
 x = measurement direction 

x’ = strike direction 
θ = strike angle 
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Galvanic distortion: 
Distortion: caused by shallow and local (3D) bodies << target of interest 
 
 Induction effects (in MT σ >> ωε), decay rapidly with period and can 

be ignored. 
 
 Galvanic effects (important in MT): accumulation of charges at the 

surface of the local bodies  anomalous electric field Ea. 
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Mathematical representation: 

C: Matrix  of real components: 
 

 
 
 
 
Groom and Bailey (1989): 

 
C = g·T·S·A  (site gain, Twist, Shear, Anisotropy) 
 
 

 
 
 
 
 
 
 
 

𝐶𝐶 = 𝑔𝑔 · 1 −𝑡𝑡
𝑡𝑡 1

1 𝑠𝑠
𝑠𝑠 1

1 + 𝑎𝑎 0
0 1 − 𝑎𝑎  

𝐶𝐶 =
𝐶𝐶𝑥𝑥𝑥𝑥 𝐶𝐶𝑥𝑥𝑦𝑦
𝐶𝐶𝑦𝑦𝑥𝑥 𝐶𝐶𝑦𝑦𝑦𝑦

 

MT responses, dimensionality and 
distortion 



If  the regional structure is 1D:  
 
 𝑍𝑍𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 = 𝐶𝐶 · 𝑍𝑍𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 =

−𝐶𝐶𝑥𝑥𝑦𝑦𝑍𝑍𝑥𝑥𝑦𝑦 𝐶𝐶𝑥𝑥𝑥𝑥𝑍𝑍𝑥𝑥𝑦𝑦
−𝐶𝐶𝑦𝑦𝑦𝑦𝑍𝑍𝑥𝑥𝑦𝑦 𝐶𝐶𝑦𝑦𝑥𝑥𝑍𝑍𝑥𝑥𝑦𝑦

 

3D/1D 

MT responses, dimensionality and 
distortion 

If  the regional structure is 2D:  
 

𝑍𝑍𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 = 𝐶𝐶 · 𝑍𝑍2𝐷𝐷 =
𝐶𝐶𝑥𝑥𝑦𝑦𝑍𝑍𝑦𝑦𝑥𝑥 𝐶𝐶𝑥𝑥𝑥𝑥𝑍𝑍𝑥𝑥𝑦𝑦
𝐶𝐶𝑦𝑦𝑦𝑦𝑍𝑍𝑦𝑦𝑥𝑥 𝐶𝐶𝑦𝑦𝑥𝑥𝑍𝑍𝑥𝑥𝑦𝑦

 Case 3D/2D 

If not measured along strike direction: 

𝑍𝑍𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑅𝑅𝜃𝜃 · 𝐶𝐶 · 𝑍𝑍2𝐷𝐷 · 𝑅𝑅𝜃𝜃𝑇𝑇 



3D/1D and 3D/2D:  
 
matrix C affects regional tensor components 
amplitudes (but not phases):  
 
g and A are undeterminable: Static Shift 

2D cases with equal phases in TE and TM:  
 
3D/2D is undistinguishable from 3D/1D 

MT responses, dimensionality and 
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3D/1D 

Case 3D/2D 



Static shift correction: 
 
MT data alone: 
E.g. Ledo et al. 2002. Use T and Z relationships 
 
Additional information:  
TDEM data. E.g. Pellerin & Hohhmann, 1990; Pace et al. (under 

revision) 
 
Static shift as part of the inversion process: E.g. Avdeeva et al. 

2015 (inverts for the full distortion) 
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3D/3D:  
 
 
 

Undistinguishable from general 3D 
 

𝑍𝑍𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 = 𝐶𝐶 · 𝑍𝑍3𝐷𝐷 =
𝐶𝐶𝑥𝑥𝑥𝑥 𝐶𝐶𝑥𝑥𝑦𝑦
𝐶𝐶𝑦𝑦𝑥𝑥 𝐶𝐶𝑦𝑦𝑦𝑦

·
𝑍𝑍𝑥𝑥𝑥𝑥 𝑍𝑍𝑥𝑥𝑦𝑦
𝑍𝑍𝑦𝑦𝑥𝑥 𝑍𝑍𝑦𝑦𝑦𝑦

 

3D or 3D/3D 
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With all this information … We can look at the data … 
MT responses, dimensionality and 

distortion 



We can plot it … 

… 

MT responses, dimensionality and 
distortion 



And we ask ourselves: 

… 

MT responses, dimensionality and 
distortion 



The answer is not directly evident  
 
- Rotations and distortion modify the regional geoelectrical responses 
 
- Data errors affect the data 
 
- Geological structures do not exactly fit to the ideal 1D, 2D, 3D cases 

 
 In general, all the measured tensors will look like: 

 

𝑍𝑍𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 =
𝑍𝑍𝑥𝑥𝑥𝑥 𝑍𝑍𝑥𝑥𝑦𝑦
𝑍𝑍𝑦𝑦𝑦𝑦 𝑍𝑍𝑦𝑦𝑦𝑦
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But we can unveil the regional dimensionality by using  
dimensionality and decomposition analysis methods: 

Decomposition  
: 

-Assume a specific regional 
structure 

 
- Identify and quantify 

distortion (and strike 
direction if 2D) 

 
- Retrieval of ZR 

Dimensionality Analysis:: 
 

-Type of dimensionality 
 

 - θ (if 2D or 3D/2D) 
 
 - Galvanic Distortion 
parameters  
(if 3D/1D or 3D/2D) 

MT responses, dimensionality and 
distortion 
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Dimensionality analysis: 
 
Based on the study of: 
- the relationships between impedance tensor components and 
derived parameters (such as rotational invariants) 
 
Tipper: not explicitly included, but is crucial to solve ambiguities 
in strike direction and to identify current concentrations or hints 
for anisotropy 
 

Dimensionality 



 
 
- Based on rotational invariants:  
WALDIM dimensionality analysis 
 
 
- Based on the phase: Phase Tensor 



Rotational Invariants of the Impedance tensor: 

7 real independent rotational invariants (Szarka, Menvielle, 1997): 
 
Trace: S1 = Zxx + Zyy (2) 
 
Diff. non diagonals: D2 = Zxy - Zyx  (2) 
 
 
Determinant: det (Re(Z)), det(Im(Z)), Im (det(Z)) )  𝜌𝜌𝑑𝑑𝑚𝑚𝑑𝑑 ,𝜑𝜑𝑑𝑑𝑚𝑚𝑑𝑑 
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𝑟𝑟𝑟𝑟𝑍𝑍𝑥𝑥𝑥𝑥 𝑟𝑟𝑟𝑟𝑍𝑍𝑥𝑥𝑦𝑦
𝑟𝑟𝑟𝑟𝑍𝑍𝑦𝑦𝑦𝑦 𝑟𝑟𝑟𝑟𝑍𝑍𝑦𝑦𝑦𝑦

  
𝑖𝑖𝑖𝑖𝑍𝑍𝑥𝑥𝑥𝑥 𝑖𝑖𝑖𝑖𝑍𝑍𝑥𝑥𝑦𝑦
𝑖𝑖𝑖𝑖𝑍𝑍𝑦𝑦𝑦𝑦 𝑖𝑖𝑖𝑖𝑍𝑍𝑦𝑦𝑦𝑦

  𝑖𝑖𝑖𝑖
𝑍𝑍𝑥𝑥𝑥𝑥 𝑍𝑍𝑥𝑥𝑦𝑦
𝑍𝑍𝑦𝑦𝑦𝑦 𝑍𝑍𝑦𝑦𝑦𝑦

  

Dimensionality 



 
8 components of Z  7 invariants + 1 direction 

 
Different sets of invariants can be constructed from 

combinations of these ones and establish dimensionality 
criteria 

𝑍𝑍𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 =
𝑍𝑍𝑥𝑥𝑥𝑥 𝑍𝑍𝑥𝑥𝑦𝑦
𝑍𝑍𝑦𝑦𝑦𝑦 𝑍𝑍𝑦𝑦𝑦𝑦

 

re(S1)  im(S1)  
re(D2)  im(D2)  

det(Re(Z))  det(Im(Z)) 
im(det(Z)) 

direction 

Dimensionality 



Dimensionality criteria based on different sets of 
invariants:  
 
Swift, 1967 
Berdichevski and Dmitriev, 1976 
Bahr, 1988, 1991 
Lilley, 1993, 1998a, 1998b 
Szarka and Menvielle, 1997 
Weaver et al., 2000 
Martí et al., 2005  
Lilley and Weaver, 2010 



I3 to I7 are dimensionless 
and normalised 

 
their vanishing corresponds 
to a particular property of 

the tensor 
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WAL Invariants (Weaver et al., 2000) 
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ξ ξ ξ ξ η η η η

+ + + +   
= +   − − − −   

𝜌𝜌1𝐷𝐷,𝜑𝜑1𝐷𝐷   

Dimensionality 

M = Z / μ0 



WAL dimensionality criteria 

3D 

strike 
2D 

1D 

Cases 3D/1D or 3D/2D 

I3 – I6 = 0 
I7 = 0 or Q = 0 

I3 or  I4 ≠ 0 
I5 , I6 = 0 
I7 = 0 or Q = 0 

I3 or  I4 ≠ 0 
Different combinations of I5 – I7 and Q I7 ≠ 0 

Dimensionality 



WAL dimensionality criteria: what parameters  
can we determine 

1 11 app , D app , DD : ,ρ ϕ

2 1 22 DD : (" real" ) (" imag" )θ θ θ= =

3 23 2 D / D twist shearD / D : ; ;θ ϕ ϕ

.  

Dimensionality 



Synthetic example 
 
(Weaver et al., 2000)  

Dimensionality 



A 

Site 1, 100 s 

1D 

I3 – I6 = 0 
I7 = 0 or Q = 0 

𝜌𝜌1𝐷𝐷 = 29.5 𝑜𝑜𝑜𝑖𝑖 · 𝑖𝑖,𝜑𝜑1𝐷𝐷 = 28° 

Dimensionality 



A 
Site 2, 100 s 

Site 2, 1000 s 

I3 or  I4 ≠ 0 
I5 , I6 = 0 
I7 = 0 or Q = 0 

𝜃𝜃1 =  𝜃𝜃2= 40° 

Dimensionality 



A 

Site 3, 100 s 

Site 3, 1000 s 

3D/1D2D 

I3 - I6≠ 0 
I7 = 0 

𝜃𝜃3 = 40°,𝜑𝜑𝑑𝑑𝑡𝑡𝑡𝑡𝑚𝑚𝑑𝑑 = −0,1°,  𝜑𝜑𝑚𝑚𝑠𝑚𝑚𝑚𝑚𝑠𝑠= −20° 

3D/2D 

I3 - I6≠ 0 
 
Q = 0  

TE and TM same phases 

Dimensionality 



A 

Site 4, 1 s 

3D 

I7 ≠ 0 

Dimensionality 



- impedance errors propagate to 
invariants 
 

- geological structures ≠ ideal 
models described  
 
 
  invariant values never vanish 

 
 

WAL analysis for real data 
Dimensionality 



Error estimation of the invariants and related 
parameters (strike, distortion): 

Dimensionality 



Threshold values (τ) ? 
 

τ too low: everything  
tends to be 3D 

 

I3 I4 I5 I6 I7 

τ 
In

va
ria

nt
 v

al
ue

s 

Dimensionality 



Threshold values (τ) ? 
 

τ too high: everything  
tends to be 1D 

I3 I4 I5 I6 I7 

τ 

In
va

ria
nt

 v
al

ue
s 

Dimensionality 



Choice of τ:  
Dimensionality must be constistent with 
the determination of strike and 
distortion angles 

 τ = 0.1 - 0.2  for data with up to 30 % error 

Example:  
If 2D: θ1 ~ θ2 with small 
errors  

Dimensionality 



WALDIM Code 
(Martí et al., 2009. Computers and Geosciences) 

Inputs: Zij 
and errors 

Outputs: 
 

dimensionality 
strike angle  
distortion 

parameters 
error estimation 

Dimensionality analysis of raw or synthetic data using WAL criteria, 
considering errors. 

Options: 
 

real or synthetic noise 
threshold value 

average in period bands 

Dimensionality 



Example with real data: The Betics dataset 

Site b23 

Dimensionality 

Rosell, 2013 



I3, I4 I5, I6 I7, Q 

Site b23 
Dimensionality 

 τ = 0.1 - 0.2  for data with up to 30 % error 



I3, I4 I5, I6 I7, Q 

2D 

3D/2D 
and 3D 

3D 

Site b23 
Dimensionality 



Limitations:  
 
-No statistical framework 
 
 
But:  
 
- dimensionality results can be grouped into bands  

 
- dimensionality maps provide information on regions 
with preferred orientations or with more or less 
complexity 

Dimensionality 

 



 

Dimensionality 

Rosell et al. 2011 



The Phase tensor 

Caldwell et al. (2004) 
 
Real tensor: product of the inverse of the real part of Z (X) with the 
imaginary part of Z (Y): 
 
                           Φ= X-1 Y 
 
This tensor is unaffected by any galvanic distortion (C) regardless of 
the nature of Z: 
 
 
 Φ’= (C XR)-1 (C YR)= XR

-1 C-1 C YR = XR
-1 YR  =  Φ 

Dimensionality 



The phase tensor can be decomposed in the form: 
 
 
 
 
 
In 1D: Φmax = Φmin 
 
(but in 2D with equal phases as well) 
 
 
 
In 2D: β  = 0 and α = strike direction 
 
In 3D: β  ≠ 0  
 

Dimensionality 



Phase tensor representation 
3D  

(general case) 

Caldwell et al., 2004 
Moorkamp, 2007; Weaver et al., 2006 
Booker, 2013: Review of the phase tensor 

Dimensionality 



A 

Dimensionality 



A 

-3 -2 -1 0 1 2 3

-1
0
1

  

Log Period (seconds)

Φmax = Φmin 
(α = 32º); β  = 0  1D 

Dimensionality 

1D 



A 

-3 -2 -1 0 1 2 3

-1
0
1

Phase tensor ellipses

Log Period (seconds)

100 s:  
β = 0 , α = 40 º= strike  2D 
1000 s: Φmax ~ Φmin 
β = 0 , α = 40 = strike  2D BUT 
GRAPHICALLY IT LOOKS LIKE 1D 
because TE and TM phases are equal 

Dimensionality 



3 -2 -1 0 1 2 3

Phase tensor ellipses

Log Period (seconds)

A 

100 s:  
β = 0, α = 42º= strike  2D 
Correct but no info about distortion 
1000 s: Φmax ~ Φmin , β = 0  1D. Equal 
phases. No infor about distortion 

Dimensionality 

3D/1D2D 

3D/2D 



A 

1  s:  
β= -2º , α = -25º= strike ? 
 
BE CAREFUL WITH β 
THRESHOLD !!! 

-3 -2 -1 0 1 2 3

-1
0
1

Phase tensor ellipses

Log Period (seconds)

Dimensionality 

3D 



Site b23 

 
 

 

 
 

 

 

-3
-2

-1
0

1
2

3
4

-10 -5 0 5 10
P

hase tensor beta - 2D

Log P
eriod (seconds)

Beta (degrees)

 
 

 
 

 
 

Dimensionality 
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- Extension to an anisotropic earth 
 
 

 
 



Decomposition methods: 
 
Historical perspective:  
Chave and Jones (2012), Chapter 6, and references therein 
 
3D/1D: Larsen (1977) 
 
Based on Groom and Bailey (G&B, 1989): 
 
3D/2D: McNeice and Jones (2001): Strike code  
 
3D/3D: Ledo et al. (1998); Garcia and Jones (2002) 

 
 
 
 
 

 
 

Decomposition 



3D/2D G&B decomposition: 
    
 
 
 
Zmeas: 8 known parameters 
 
Strike, g, t, s, a, Zxyre, Zxyim, Zyxre, Zyxim: 9 unknowns  
 
g·A = scale factor: static shift :     Z2D’ = g·A·Z2D    

 
Strike, t, e, Zxyre, Zxyim, Zyxre, Zyxim : 7 unknowns 
 
 
For a single frequency the problem will be solved by fitting 8 
data to 7 parameter model 
 

𝑍𝑍𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 = 𝑅𝑅𝜃𝜃 · 𝐶𝐶 · 𝑍𝑍2𝐷𝐷 · 𝑅𝑅𝜃𝜃𝑇𝑇 

Decomposition 



Strike code 
McNeice and Jones (2001): 
 
• G&B decomposition of the MT tensor data supported 

by statistical methods: fitting data to a 3D/2D model 
 

• Can be performed for single sites, single frequencies 
or grouping sites / frequencies 
 

• It allows to fix or not the model parameters (e.g. 
Strike, distortion) 
 
 
 
 

Decomposition 



1 site, n freq: fitting 7 
parameter model to 8n data  
same θ, t and s  
Z2D  (4·n) 
8n data and 3+4n unknowns 

m sites, n freq: fitting 7 parameter model to 
8n data  
same θ 
different t and s at each site (2·m)  
Z2D  (4·n) 
8·n·m data and 1 + 2·m+4·m·n unknowns 

Multisite – multifrequency: 
4·n 

t, s θ 

tm, sm 

4·n 

t1, s1 

4·n 

t2, s2 

4·n 

θ 

Decomposition 



- Tool to investigate if a dataset or a subset can be decomposed 
as 2D in views of 2D modelling or to obtain apriori information 
for a 3D. 
 

- Cannot be used as a black box, it is recommended to perform it 
in steps to fully understand the dataset. 
 

- It is very important to quantify the rms or the misfit: how well 
does my data fit the 3D/2D model assumption? 
 

Decomposition 



Site b23 Decomposition 

:  Large misfits 



Contents: 
 
- MT responses, dimensionality and distortion 

 
- Dimensionality analysis methods 

 
- Decomposition methods 

 

- Extension to an anisotropic earth 
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Diagonalization 

αS, αD, αL 

Anisotropy 

-symmetric  
-positive-definite 

Electrical anisotropy: Property of a 
medium/material in which its electrical 
conductivity depends upon orientation. 

Anisotropy 



  

 

How does anisotropy affect the magnetotelluric 
responses? 
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1D: 

All sites the same responses 

Not necessarily diagonalizable 

3D: 

General solution 

2D: 

Decoupled eqs: 
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TE and TM sense different 
conductivity components 

Coupled eqs: 

Apparently 3D 

Same pattern should repeat along 
structural strike direction 

Anisotropy 



β =0 

One anisotropic  layer :  

0=T


Same responses for all sites 



Two anisotropic  layers :   
Anisotropy 

0=T


Same responses for all sites 



 Azimuthal anisotropy (30º): 
- 2D cases with different strike directions from real and imaginary parts. 
- Some induction arrows non perpendicular to strike directions 
- 3D cases 
 
 

2D model with an anisotropic layer 
Anisotropy 

Martí et al. 2010 



Heise et al. (2006): Anisotropy and phase splits in magnetotellurics 
 
Martí et al. (2010): WALDIM criteria extended to anisotropic 
structures 
 
Jones (2012): 3D/1Danis decomposition scheme 
 
 
See Martí (2014) for an extended review 

Anisotropy 



Summing up … 
 
MT response analysis is a powerful tool to assess the data 
dimensionality and have a first glance at the structures below 
before modelling. 
 
Here we have reviewed some of the most used tools: Strike, 
WALDIM and phase tensor. All valid and complementary if taken 
with caution. 
 
Error data must be included in the analysis 



So … if we don’t want to get this … 
 
 

3D 
INVERSION 

MT DATA 



 1D, 2D, 3D 
modelling 
/inversion 

RESPONSE 
ANALYSIS and 

CORRECTIONS/ 
ROTATIONS 

CHOOSE INVERSION 
STRATEGY 
+ A PRIORI INFORMATION 

MT DATA 



 1D, 2D, 3D 
modelling 
/inversion 

Gailler et al. 2018 

Piña-Varas et al. 2014 

Rosell et al. 2011 

Martí et al. 2020 



Thanks for your attention !!!! 

Special thanks to: 
Alan, Kate, Max and Stephan 
for inviting me to present this 
EMinar and particularly Alan for 
providing material from his 
course. 
 
My colleagues from UB who 
helped me improve this eminar: 
Pilar, Àlex, Juanjo, Perla and 
Gemma 
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