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Pre-amble

My intention/aims/hopes with this presentation; E/R.

Big problems (in terms of computations; cells, frequencies/times, sources).

Non-linear (sensitivities/Jacobian, iterations).

Disclaimer.
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Inversion ... (!)

¢(z,w) = -F(z,w)/E'(2,w)

= — d
(2~ 2(Z) +— , Re[c*(z,w)] dw,

Bailey (1970), Whittall and Oldenburg (1992)



. discrete data, and noise.

COPROD M.T., rms 1.0
_ M.T. Phase Data
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Importance of measurement uncertainties.
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Importance of measurement uncertainties.
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Quantifying how well the data from our candidate model reproduce
the observations.




Quantifying how well the data from our candidate model reproduce

the observations. ,

HXH]; = 2 ‘xj‘p | 2 /b,

j C

Q1 -

¢(X) — E p(x])a

j

(x) y 17 Huber M
piA ZCM — 2y > uode easure O
2 0 ‘; 2

o(x) = A Minimum support (Portniaguine & x

P Zhdanov, 1999; Last & Kubik, 1983) Farguharson (2008)



Quantifying how well the data from our candidate model reproduce
the observations.
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Quantifying how well the data from our candidate model reproduce
the observations.

Sometimes, the relation between data and model parameters 1s functional, d = g(m) ,
and 1n this case the likelihood function 1s (see equations (1.93)—(1.95))

L(m) = pp(g(m)) . (2.3)

A couple of examples of such a likelihood function are given as a footnote.>®

28For instance, if d" L Tepresents the observed data values and o' the estimated mean deviations, assuming

O

double exponentially distributed observational errors gives L(m) = exp( — ) . | g'(m) — débs | /o' ). If Cp
represents the covariance operator describing estimated data uncertainties and uncertainty correlations, assuming
a Gaussian distribution gives (equation (1.101)) L(m) = exp( —% (g(m) — dops)’ CpH ! (g(m) — dops) ). Some
other examples are given in chapter 1.

Tarantola (2005)



Aside

Quantifying the "quality" of the fit ...

Smith and Booker (1988)

Spearman statistic to assess "whiteness"” of data fit
N
D = 2 (3; — Ri)2
i=1

low values, positive correlation, high values, negative correlation;
based on rankings



Aside

Quantifying the "quality" of the fit ...

Jones (2019)

Durbin-Watson statistic

dw,
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Quantifying how well the data from our candidate model reproduce
the observations.

Minimize the measure of data misfit ... optimization ... ?

(Just curve fitting!)
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Z (m)

Oh ... Non-unigueness.
(o, O, @) =(1.,0.,0.)
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Z (m)

Aside Appraisal ?

(o, O, @) =(1.,0.,0.)
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Non-uniqueness! Well then, let's deal with that.

Constable et al. (1987)
U=am|*+p ' {| Wd - WF[m]|?* - X3}

"Occam's inversion"
model roughness
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3.0

2.8

2.6

LOG“) reSiStiVity (Q° m)
SIS
N H

N
o

1.8

1.6

COPROD Model, rms 1.0

Depth (m)

| ) — [

_ JONES & HUTTON | |

(1979) MODEL "3" _ ____ : :

b |
|

-~ SMOOTHEST' MODEL o |
l

i—\_\_\_\_‘ | : t 1

| l |

~ ! | |

: | |

! | |

' [ |

- ' | |

| | |

‘ | !

el |

_ ! | 1

! | |

! l l

L l

B l

[~ ;

|

|

|

1 (1L | [ 1Lt 1 1 1 L1ttt | 1 L 1 Llitl L L b it | 1 i
102 10° 104 10° 108



Non-uniqueness! Well then, let's deal with that.

Smith and Booker (1988)
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"minimum-structure” inversion

flattest model

(LOG S/m)

LOG O

104

@ fruth—"% | (a>f=zj
o) f=loglz+z,

AP R ST R TTTTY REPEPETTIY SR TP I TTITY SR

102 103 1t 10°
DEPTH (m)

7y
4
: L #
L X -
¢
l‘ s |,.
' [y
[
[}
|
%
| )
[}
[
: )
)t

PANSERE~=-

10P



"Occam's inversion", "minimum-structure" inversion:

A combination of ...

a measure of how well the observations are reproduced (small value is good), and

a measure of whatever-we-think-will-give-us-a-good-model (small value good).



"Occam's inversion", "minimum-structure" inversion:

Has proved to be very successful: everyone uses this approach (gravity,
magnetic, DC/IP, seismic travel-time tomography; and FWI is getting there).

Arguably most important aspect is that chances of a useful model from any one
run are very high (compare with needing to re-start parameter estimation
algorithms from lots of different initial models). Reliable, robust.
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Aside "D+" models of Parker (1980)
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Aside "D+" models of Parker (1980)
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Rather than finding a unique model that reproduces the data ...

Finding all models that give a suitable misfit ... sampling.



UTM Northing (m)

Bayesian Markov chain Monte Carlo algorithm for model assessment

Minsley (2011)

57 Olooo 5801000 590.000 WO 61 01000 6201000
T , .
| South Dakota <
g‘. { Wyeming
>, 1 Scottsbluff
P L
#E Nortr 5~ Nebraska
- . "h Platte R

463%000

Colorado

Kansas

T
4656000

Kilometers

0 25 5 10 15 20

T
570000

580000

590000 600000
UTM Easting (m)

Elevation (m)

1350

z

2

2

2

3

1050

|
|
|
! !

A R R S S — Ll
-

320
= 60
g 1
2
3’ '80
—
. —
>t 140
-
AL
w
o B 20
10

4650 4655
Northing (km)



Elevation (m)

resistivity (ohm-m)
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Bayesian Markov chain Monte Carlo algorithm for model assessment
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Moving-loop TEM

64 Tx-Rx pairs Iin
C1-West grid

Lu et al. (2021)
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50m & 100m line spacing
900 line-km

Tx-Rx location every ~2m
vertical and in-line components

45 time channels
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Decouple model and computational meshes: "meshfree”
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Decouple model and computational meshes: "meshfree”
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"Perturbation” approach:

oF (m) F{m + Am;) — F {m)

om,, Am,

L2

Compute Jacobian one column at a time using forward-modelling routine.

Requires N forward modellings (where N is the number of model parameters).

McGillivray and Oldenburg (1990)



"Sensitivity equation” approach: McGillivray at al. (1994)

Forward modelling, Ay — s A = A(m)
matrix equation: N N
Differentiate w.r.t. model 0 [Au)} = Os
parameter: om; om;’
A
0 a4+ A ou -
@mj 5’mj
s, O0A
A = u. Ju — A1 OA u.

Compute Jacobian one column at a time using forward-modelling routine.
Requires N forward modellings (where N is the number of model parameters).

(But what if a direct solver has been used for the forward problem, and the factorization available?)
(What if only one column of the Jacobian matrix is required?)



"Adjoint equation” approach McGillivray at al. (1994)

E%rl\zl\fard modelling, Lu =35 — Lé?r:;- _ ;TTL” u Lg(r;r,) = 6(r —r,)
Sgﬁﬁirgﬁ:fundion /v {gL 887:;' 887::3' Lg} o /v {_g ;frsj v ;T::j e ro)} w
0 = /V{—g ;”fj u} dv 8877?;- ro,
af;;(:o)= E-Evi(0) dv | =~ ] Loty
5—1:1 - —/V{Q(I';I'o)u} dv.

Compute Jacobian one row at a time using forward-modelling routine.
Requires M forward modellings (where M is the number of data).



"Implicit”, "pseudo-forward modelling" approach: Mackie and Madden (1993)

Matrix equation to be solved for model update (for example):

(T UWIW, I b, 8” WIW, + o, WW,} 8 m”
— T WW,d —d" ) -, 8" WW, m" '+ o, WW,(m/ —m"),

lterative solution requires results of: y = Jx
From "sensitivity equation” approach: J, = A 'a
But do this using forward-solving routine: AJ;, = u

Compute product of Jacobian with vector using forward-modelling routine.
Don't have to construct and store Jacobian matrix.

(Trade memory for computations.)
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Descent-based, gradient-based optimization, e.g., Gauss-Newton:
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Descent-based, gradient-based optimization:

NLCG, Rodi and Mackie (2001):

A variant of conjugate gradients applied directly to the function being minimized.
Avoids the Hessian matrix, thus needs fewer forward modelling, and so faster than GN.
Any less "powerful” than GN?

Data space, Siripunvaraporn and Egbert (2000):

Transform GN matrix equation from N x N to M x M (N is number of model parameters).
Smaller matrix to invert/solve.
How expensive are the matrix operations for the transformation®



Descent-based, gradient-based optimization, complex objective function:

O(m;,my) = 4Py (my) + L,Pp(my) + @,y (my) + Dpp (M) + p¥(my, my).

Design an objective/cost/penalty function that gives us what we want.

Then go ahead and minimize (!).
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The Conclusion

"Occam", minimum-structure inversion is very effective — it gets
the job done — and hence useful and popular.
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3-D computer *geology”™ models

Touro VMS deposit, NW Spain
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3-D computer *geology®™ models

Uranium exploration
Athabasca Basin

geological section

-100

Lu et al. (2021

300

Legend
Geology
CL-1 62 2013 SQUID MLEM piCk CL 1 67 Anatectic Granitoid Pegmatitic
\ \
§ i \\ \\ . Psammitic Gneiss
9 >°\< >0\4 /9 >6"\< ,9 ;5’\‘ ,9 >°\< 0\ o 0 k 0‘ 0“ 0“ L9 >°\< ,9) °\< L9 >°\< L9 >°\< >o\< oo Pelic Gonles
o\‘ /9 ,0\”9 >o\‘ ,9 >°\‘ ,9 /0\‘ y 0 0\‘ v /0\‘ y, 9 ,9 }o\‘ ,9 p, o\‘ ,9 } \‘ /9 p, o\‘ /9 , ,g ), o\‘ ,9 p. 0\‘ - .
r9 \ ,9 ,9 P> \‘,9 2 \‘,9 > \ ,9 / ,9 \ ,9 Pelitic Gneiss
/ MFc \\ Pelitic Gneiss (1-5% Graphite)
\/ \\ / . Pelitic Gneiss (>5% Graphite)
/ Y A® \\m / i Calc-silicate
8 / \\ \ , / 8
g / \\ \ / / Quartzite ¥
/ \‘\\ \\ 7 / / . Tonalite
\\T 450 \“ l ] P
\! \‘\______i_—_——‘———’"
_—— MFb \ I l
\} \
\\ )

+++ . .
+++ Anatectic Equivalents
A

Garnet Bearing

Structure

=== Britlle

-~~~ Brittle/Ductile

8
/ ) / Brittle Structuring
/ / Breccia Zone
3 // / Alteration
= / l/?f;,p / // FFF Paleoweatnering Limit
7 ; 5% =
W ,:.;///// / // I/ :;;._i /I // I" Bleaching
= / / £ |/
d [ = \-:
=
777777777 a2

Iy

‘&0

7777777

sz IS TIE
uc 77

AN,

////////// // /}};%’f// / 4

&::
Anx

Limit of Paleg eén'faﬂ A

x
xxxxxxxxx
o

%’lﬁ' /i

//[///I////////// 7

'1“

e

s
v =
\

!

'/

2

=/

Silification

. Reduced Grey Zone
@ Argillization/Bleaching

lllite >65%

%

o/ ///////

Upartial >0.5ppm

SECTION SPECS
REF.PT. E.N

EXTENTS
SECTION TOP, BOT
TOLERANCE +f-

$01437 m

6415690 m
3258m

74B4m

-100

S30m

2164 m
S0m

AZIMUTH = 180"
N

S




Inversion using same kind of computer Earth model as the geologists ...
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Surface geometry inversion, global optimization, sampling ...

Lu et al.
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2-D D+ model ?
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2-D D+ model ?
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2-D D+ model ?

TM-model/B-polarization ?
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The Conclusion

"Occam", minimum-structure inversion is very effective — it gets
the job done — and hence useful and popular.



The End.
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