
DISCUSSION 

Discussion on “The magnetotelluric method in the exploration of sedimentary basins” by Keeva 
Vozoff (GEOPHYSICS, February 1972, p. 98-114). 

A number of errors in the section dealing with are the rotated coordinates 
the Tipper have been pointed out. Some alterna- 
tive definitions and additional properties have 

(For a 2-D earth we know B’ = -A sin 0 + B cos 0 

also become apparent. = 0 for some 0, and the Tipper analysis is a study 

Equations (37), (39), (40), and (41) are in- 
of 2-D effects in the data.) 

correct, and are corrected or replaced below. A 
sign error occurs in equation (26): it should read 

(I ) Rotation Conventions 

For a two-dimensional (2-D) earth with x’ di- 
rection across strike, we know that 

H, = A’H,,. 

where A’ is a complex transfer function-the 
“Tipper”. 

For an arbitrary coordinate system, we have 

H, = A H, + B H,. 

Let 

Q= 
[ 

cos e sin 9 
X 

. -sin 0 cos e I 4 Y 

1 

Q is a rotation of the (XJ) axes clockwise from the 
x direction (or “north”) to the JJ direction (or 
“east”) with z down. 

H, = [A BI[~] = [Q[i]]‘Q[:] 
= [A’B’] ;’ , [ 1 I/’ 

(2) Estimation of A, B, Tipper coherency, and re- 
sidual error 

This is done by least-squares in a similar way to 
the z,,. i.e., 

1 

(Hz, nz) = A(&, nr) + B(H,, nz7,> 

(Hz, J?,) = A(H,, n!Fi,,) + B(H,, &7,> 

where <> denotes a band average, and w, is the 
complex conjugate of H,. 

This gives 

A = _‘- @id’d’” 
Botl (H,, %)“’ 

[Cob (Hz, Hz> 

and 

- Cob (Hz, H,) Cob (H,, HJI, 

- Cob (Hz, Hz) Coh (Hz, H,)l 

where 

Botl = (I - jCoh (H,,H,)/‘), 

where and 

El = Qkl Coh (H,, H,) = _:I$j$+ 
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A number of errors in the section dealing with 
the Tipper have been pointed out. Some alterna
tive definitions and additional properties have 
also become apparent. 

Equations (37), (39), (40), and (41) are in
correct, and are corrected or replaced below. A 
sign error occurs in equation (26): it should read 

(I) Rotation Conventions 

For a two-dimensional (2-D) earth with x' di
rection across strike, we know that 

Hz = A'Hx" 

where A' is a complex transfer function-the 
"Tipper". 

For an arbitrary coordinate system. we have 

Let 

Q [
COS 0 

-sin 0 
sin OJ. 
cos 0 

Q is a rotation of the (x,y) axes clockwise from the 
x direction (or "north") to the y direction (or 
"east") with Z down. 

where 

[A' B'l[Hx'J 
H y ' 

are the rotated coordinates. 

(For a 2-D earth we know B' = -A sin 0 + B cos 0 
= 0 for some 0, and the Tipper analysis is a study 
of 2-D effects in the data.) 

(2) Estimation of A, B, Tipper coherency, and re
sidual error 

This is done by least-squares in a similar way to 
the Zlj' i.e., 

{

(H" HI) = A(H" HI) + B(Hy, Hx) 

(H" Hy) = A(H" H,,) + B(Hy, Hy) 

where < > denotes a band average, and Hx is the 
complex conjugate of Hx. 

This gives 

1 (H H)1/2 
A = Boll (H~-H:/72 [Coh (H" Hz) 

and 

B= 

where 

and 

- Coh (H" Hy) Coh (Hy, HI)]. 

1 (H" It)'/2 
- (---":;-)172 [Coh (H" Hy) 
Botl Hy, Hy 

- Coh (H" HI) Coh (HIO Hy)l 

Botl = (I - leoh (HroHz)12), 

Coh (H" Hy) 
Q!I' H,,) . 
IHzIIHyl 
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H,” = A H, + B H, is the predicted H, due to the where u,, a, and b,, b, are real and imaginary 
horizontal field. How well the H, field can be parts of A and B, respectively. Tipper is inde- 
estimated from the (H,,H,) fields is measured by: pendent of rotation d. If there is some 4 for 

which 

(A ) Tipper coherency _ 

p Coh (H,, H,) + q Cob (H,, H,,) 
Cob (Hz, Hz”) = m~(“qq19(r + 2 Re rpq Cob (H 

Z> 
H,)lliiZ 

where 

p = A(H,, nz,,“’ HZ, = A’H,,, 

q = B(H,,, R,,)“’ then 

The important property of this coherency is T2 = 1 A’/‘. 

that it is Real, i.e., the phase difference between 
H, and H,” is zero. (B) Tipper phase 

6 = &’ + a,‘) arctan (~,/a,) + (b,’ + b,*) arctan (b,lb,) 
T’ 

(-90” 5 6 I 900). 

( B ) Residual error 

(HT - H,‘, Rz - R,“)“’ Res = _‘--_L__-i7”--- 
(Hz, Hz) - 

6 is rotation invariant, and if the earth is 2-D, 
then 6 is the phase of A’. 

(C) Tipper “skew” 

= (1 - R’,‘( H,, Rz))“’ *loo(%) A skew is a rotation invariant measure which 

where R = (IpI’ + lq]’ + Re [p q Coh (H,. is zero for a 2-D earth. We can use 

H,,)]}’ ’ [i.e., the bottom line of expression (I )]. 
This result uses the least-squares property that 

Skew = %5i,+5F?,i, 

Rex’ = (I - iH,r’, HzP>/<H,. i?,>) This is zero for a 2-D earth. 

The residual error is the percentage residual H, 

field not predicted by (A, B). If H, is due in part (4) Estimates of the rotation and angle d 

to the source, as is observed at longer periods, For the 2-D earth 
then Tipper coherency may be reduced and Res 
enhanced. A = A’ cos 4 and B = A’ sin 4. 

That is. 
(3 ) Tipper, tipper phase, and tipper skew 

I$ = arctan (b,/a,) 
If Coh (H,,H,“) is + I, the situation need not be 

2-D. For a two-dimensional Tipper. we need = arctan (b,/a,) 

some rotation angle @ where 1 Bl’ vanishes, or 
nearI), v,anishes. 

= arctan (B/A) for exact 2-D data) 

Three measures that are independent of rota- However, these are subject to wide variations. We 
tion and provide information about structure are: can choose a neighted estimate, 

+, _ (0,’ + &‘I arctan (bF,‘ar_) + (a,’ + b,‘) arctan (b, ‘a,) 
T’ 

(A ) Tipper 
x in the Vorolf paper. 

T = (ur2 + a,’ + brY + blZ)l 2, A second estimate of C#I is the natural extension 
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Hz" = A Hx + B Hy is the predicted Hz due to the 
horiLOntal field. How well the Hz field can be 
estimated from the (Hx,H y ) fields is measured by: 

(A) Tipper coherency 

where ar , al and hr , hi are real and imaginary 
parts of A and B, respectively. Tipper is inde
pendent of rotation ¢. If there is some ¢ for 
which 

Coh (Hn H,") 
P Coh (HZ' H,) + q Coh (H" H,,) 

llpl" + Iql2 + 2 Re [pq Coh (HI' H,JlIl!:! 

where 

p 

q 

A(Hn Hj12 

li( H", H,Y /2 

The important property of this coherency is 
that it is Real, i.e., the phase difference between 
Hz and Hz" is zero. 

then 

(B) Tipper phase 

(a/ + a,2) arctan (a,/a,) +, (b,2 + b,") arctan (b,/b,) (-900 < B:::; 900). 
r 

(B) Residual error 

(H2-- H,", N, - H,">'/2 
Res = -(H"H,)'/}---

(l - R"/(H" N,)'/2 *100C~) 

where R = llpl2 + Iql' + Re [p q Coh (H x , 

Hv)W 2 [i.e., the bottom line of expression (I )). 
This result uses the least-squares property that 

Res2 
= (I - <Hz", 11/'> / <Hz, Hz» 

The residual error is the percentage residual Hz 
field not predicted by (A, B). If Hz is due in part 
to the source, as is observed at longer periods, 
then Tipper coherency may be reduced and Res 
enhanced. 

(3) Tipper, tipper phase, and tipper skew 

If Coh (Hz,H/)) is 7 I, the situation need not be 
2-D. For a two-dimensional Tipper, we need 
some rotation angle ¢ where I BI2 vanishes, or 
nearly vanishes. 

Three measures that are independent of rota
tion and provide information about structure are: 

o is rotation invariant, and if the earth is 2-D, 
then 0 is the phase of A'. 

(C) Tipper "skew" 

A skew is a rotation invariant measure which 
is zero for a 2-D earth. We can use 

This is zero for a 2-D earth. 

(4) Estimates of the rotation and angle ¢ 

For the 2-D earth 

That is. 

A=A'cos¢andB A'sin¢. 

arctan (b,/ a,) 

arctan (b,j aJ 

arctan (BI A) for exact 2-D data) 

However, these are subject to wide variations. We 
can choose a weighted estimate, 

(a/ + b,') arctan (b,/a,) + (a," + b,") arctan (b,ia,) 
T2 

(A) Tipper 
as in the VOLOffpaper. 

A second estimate of ¢ is the natural extension 
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of the tensor rotation method to Tipper, and was 

proposed by Sims and Bostick (1969). Here $ is 

chosen to maximize 

IA’1’ = ]A cos @J + B sin @I’. 

and is denoted &. 

We find the necessary condition to be. 

2(nrb, + a,b,) 

If w’e use the Fortran function ATAN so that -90 

degrees ( 24, i 90 degrees, then ) A ‘I ’ is a max- 

imum if (ur2 + a,‘) 2 (b,’ + b,‘), and ]A’l* is a 

minimum if fur2 + a,‘) 5 (b,’ + b,‘). If lA’12 is 

minimum, we need to add 180 degrees to 24,. In 

either case, the final angle & is determined to 

within 180 degrees. 

A definite choice for & is made by taking & as 

the angle for which the phase of A’ is in the range 

(-90 degrees, 90 degrees). (The reason for this 

choice is described in the next section.) 

For a 2-D earth, 

4, + $2, 

Skew + 0, 

and 

lEZ’ll’ + 0. 

(5) Cob (H,, H,f) and Tipper “direction” 

Coh (Hz, H,,) is no harder to get than Coh 

(H,,HzP). That is, 

(H,, cos $Rz + sin +g?,i,i 

= cos$(H,, Rx) 4- sin&H,, nU) 

= cos+ IH,I IHzI Cob (Hz, Hz) 

+ sin 4~ lH,l lH,l Cob (H,, H,)I. 
Let r = cos $1 H,l, s = sin $1 H,l, 

Then. 

Coh (H,, H,,) 

r Cob (H,, Hz) + s Coh (H,, H,,) 
= _“-----2 

{r” i- s + 2rs Re [Coh (Hz, H,)]}“’ 

The phase of Coh (H,,H,,) is the phase lag be- 

tween H, and the (rotated) H,,, and since Coh 

(H,,H,“) has zero phase [cf., section (2)]. we have. 

for a 2-D earth, 

Coh (Hz, Hz”) = Coh (H,, A’H,.) 

= fj+ Coh (H,, H,,). 

That is. 

1 C‘oh (Hz Hz’)) = / Coh (H,H,“)l. 

and the phase of Coh (H,.H,,) IS the phase of A’. 
(which is 6 + 180 degrees). for a 2-D earth. 

The phase of Coh (H,.H,,) (and therefore ol 

A’) may be chosen in the range (--90 degrees. 90 

degrees) since the rotation angle cp obtained from 

section (4) is unique up to I X0 degrees. and 9 $0 

determined is the Tipper “direction”. (This choice 

of Tipper direction is motivated b! the fact that. 

for a vertical contact. the tipping vector will be 

pointing downward from the conductive to the 

resistive side of the contact.) 

(6) The ejects o/ errors 

Suppose the earth is 2-D. but that there is noise 

on the H, and H, channels. 

The 
lHx 

IH, 
noise is assumed to be incoherent 

! 

H, 
with 

HX 
and H,. and the noise powers are 

denoted In,]” and ]n,12, 

In this case. we know that 

and 

where 

A = t,A, 

B = f,.B. 

and 

The Tipper. and the Ttpper coherenq are re- 

duced. and the residual error Increased b> the 

noise. However. 

Skew -‘t,t,. * Skew. 

M hich means that if the skew ix near zero. It can- 

not be increased by the type of noise we have 

introduced. The most important effect IS the bias 

introduced into the rotation angles. 

Let 

u = t,/t,. 
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of the tensor rotation method to Tipper, and was 
proposed by Sims and Bostick (1969). Here <I> is 
chosen to maximize 

IA'I' = IA cos <I> + 8 sin <1>1', 

and is denoted <1>2' 
We find the necessary condition to be, 

1 I' we use the Fortran fu nction AT A N so that - 90 
degrees S 2<1>, S 90 degrees, then I A 'I' is a max
imum if (ar' + an ~ (br' + bi'), and IA'I' is a 
minimum if (a/ + an s (b/ + b,'). If IA'I' is 
minim um, we need to add 180 degrees to 2<1>2' In 
either case, the final angle <1>2 is determined to 
within 180 degrees. 

A definite choice for <1>, is made by taking <1>, as 
the angle for which the phase of A' is in the range 
(-90 degrees, 90 degrees). (The reason for this 
choice is described in the next section.) 

For a 2-D earth, 

and 

<PI -+- <p", 
Skew -+- 0, 

18'1" -+- O. 

(5) Coh (Hz, H x ') and Tipper "direction" 

Coh (Hz, H x ') is no harder to get than Coh 
(H"HzP). That is, 

(H" cos <PHI + sin <pHy) 

cos <p(H" HJ + sin <p(H" HJ 
cos <p IH,I IHII Coh (H" HJ 

+ sin <p I H, I I Hy I Coh (Hz> Hy),. 

Let r = cos <1>1 Hxl, s = sin <1>1 Hvl. 
Then, 

Coh (H" H r ,) 

_ r Coh (H" HJ + s Coh (H" H,,) 

- 1/ + / + 2rs Re [Coh (H" H,JJl I12 

The phase of Coh (Hz,Hx') is the phase lag be
tween Hz and the (rotated) H x" and since Coh 
(Hz,H/') has zero phase [cf., section (2)], we have, 
for a 2-D earth, 

That is, 

and the phase of Coh (Hz,H x') IS the phase of A', 
(which is 0 ± 180 degrees), for a 2-D earth. 

The phase of Coh (Hz,Hx') (and therefore of 
A') may be chosen in the range (--90 degrees, 90 
degrees) since the rotation angle rjJ obtained from 
section (4) is unique up to 180 degrees, and <I> so 
determined is the Tipper "direction". (This choice 
of Tipper direction is motivated b) the fact that, 
for a vertical contact, the tipping vector \\ ill be 
pointing dow nward from the conductive to the 
resistive side of the contact.) 

(6) The effec/s of errors 

Suppose the earth is 2-D, but that there is noise 
on the H, and H y channels. 

[Hx 
The ') noise is assumed to be incoherent 

lH) 

J H, 
with I 

.Hx 
and H" and the noise po\\\;;rs are 

denoted In,I' and Inyl'· 
In this case, \\e know that 

and 

8 1.,.8, 

where 

and 

The Tipper, and the Tipper coherency are re
duced, and the residual error increased b) the 
noise. However. 

Skew ~/xtv * Skew, 

which means that if the skew is near tero, it can
not be increased by the type of noise \\ e have 
introduced. The most important effect is the bias 
introduced into the rotation angles. 
Let 
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Then If v,e tabulate the results we get 

$1 = arctan (I/u tan 4) for a 2-D earth, 

and 
u 

& = l/z arctan (I/t tan 2 @), 

where 

2 

1.5 

1 

,667 

.5 

That is. 

26.6 63.4 45 

33.7 56.3 45 

45 45 45 

56.3 33.7 45 

63.4 26.6 45 

r 
$,(u) = &(l!‘U) 

t _ (u’ + 1) cos 24 + (u’ - 1) -----___ 
2u cos 29 

If 4 is close to zero, or 90 degrees, the bias is 

about the same. However, for general angles 

nearer to 45 degrees, the two estimates tend to 

diverge in opposite directions from 4. 

For example, if 

+ = 45 degrees, 

and 

4, = arctan (l/u), 

2u 
+L = Y$ arctan ---y. 

(1 -u) 

These results suggest that plotting both estimates 

would give an indication of divergence due to 

noise. provided the skew is low. 

D. L. B. JLPP ,NI K. VOZOFF 
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Then I f we tabulate the results we get 

and 

where 

arctan (l/u tan rp) for a 2-D earth, 

1/2 arctan (1/ t tan 2 rp), 

(u5_~ co~5L + J£I-'--=-ll 
2u cos 2rP 

If rp is close to zero, or 90 degrees, the bias IS 

about the same. However, for general angles 
nearer to 45 degrees, the two estimates tend to 
diverge in opposite directions from rp. 
For example, if 

rP = 45 degrees, 

u 

2 

1.5 

.667 

.5 

That is, 

and 

rPl rP" 

26.6 63.4 

33.7 56.3 

45 45 

56.3 33.7 

63.4 26.6 

f rP,(u) = rP,(1/u) 

I (rP, + rP,) = rP 
I, 2 

45 

45 

45 

45 

45 

rPl = arctan (l/u), 

and 

2u 

These results suggest that plotting both estimates 
would give an indication of divergence due to 
noise, provided the skew is low. 

1 arctan ---2-' 
2' (l-u) D. L. B. JLPP A~D K. VOZOFF 
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