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The Fundamental Model of Magnetotelluric
Sounding

VLADIMIR I. DMITRIEV ano MARK N. BERDICHEVSKY

Abstract—It is widely believed that the Tikhonov-Cagniard model can
be applied in the magnetotelluric method of exploration geophysics if
the horizontal field changes are sufficiently slow. Actually, this is
overly restrictive and may give rise to unjustified doubts about the
validity of the Tikhonov-Cagniard model. This paper shows that the
condition determining the applicability of the model is the linearity of
the horizontal field changes, rather than the slowness of these changes.
This considerably extends the sphere of practical applications of the
Tikhonov-Cagniard model.

I. INTRODUCTION

IKHONOV [1] and Cagniard [2] have suggested a

II method for determining the electrical conductivity of
the Earth’s crust and upper mantle from the horizontal
components of the magnetotelluric (MT) fields (the natural
electric and magnetic fields at the Earth’s surface) when these
fields are measured simultaneously at a single point of the
Earth’s surface. This method has become known as MT
sounding. The fundamental model behind the Tikhonov-
Cagniard method of magnetotelluric sounding is extremely
simple. A uniform monochromatic electromagnetic plane
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Fig. 1. Tikhonov-Cagniard model.

wave, incident vertically, excites the planelayered Earth
(Fig. 1), the electrical conductivity ¢ of which is a continuous
or piecewise continuous function of the depth z (the z-axis is
directed downwards) and whose magnetic permeability is
everywhere equal to uo =4m 10”7 H/m. The time depen-
dence of the field is expressed by the factor exp(-iw?).
Displacement currents are neglected. In this one-dimensional
model

Ey=ZH,

E, =-ZH, (¢))

where Z is the Tikhonov-Cagniard impedance which satisfies
the Riccati equation

dzZ 2.
— - 0Z° =iwly

dz @

0018-9219/79/0700-1034300.75 © 1979 IEEE
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Fig. 2. Generalized MT model.

and is a functional of electrical conductivity. The MT prob-
lem, therefore, reduces to reconstruction of the impedance
Z° = Z(z = 0) at the Earth’s surface and to determination of
the electrical conductivity o(z) from the parametric depen-
dence of the value Z° upon the frequency . A central
question in the theory of MT sounding is the selection of a
class of fields permitting application of the Tikhonov-Cagniard
model. Wait [3], [4] and Price [5] arrived at the conclusion
that the Tikhonov-Cagniard impedance can be reconstructed
for a class of fields with “‘sufficiently slow horizontal varia-
tions.” In this paper the main concepts of MT sounding are
reconsidered and the classical Wait and Price criteria are
supplemented with more extended criterion, thus considerably
enlarging the range of practical applicability of the Tikhonov-
Cagniard model.

1I. THE GENERALIZED MAGNETOTELLURIC PROBLEM

In general one should assume that the external fields are of
arbitrary configuration and that the electrical conductivity
of rocks varies not only in vertical but in horizontal directions
also. The problem of MT sounding can then be formulated as
follows (Fig. 2): find the distribution of the electrical conduc-
tivity o(3) thhm the earth from the tangentaal components
E? = [[7 X EMo) X7, B2 ={{7 X HM)) XA] of the
MT fields, measured simultaneously at alli My points of the
Earth’s surface Sy;. In order to solve this generahzed MT
problem, the linear operator ZG transforming H° to E
must be introduced:

E3(Mo)=Z8, , [H2 (M,)]. 3

The operator 23 o is related to the distribution of (M) and
parametrically depends on ¢. This generalizes the imped-
ance relations (1) and Zo w can therefore be referred to as
the Tikhonov-Cagniard operator. Transformation (3) is the
Tikhonov-Cagniard transformation.

Not resorting to intuition, we shall prove that the Tikhonov~
Cagniard operator does exist. The proof arises directly from
an analysis of the following boundary-value problem. Let the
Earth’s surface Sp bound the inhomogeneous Earth whiclt has
an arbitrary distribution o(M). The magnetic field H within
the Earth satisfies the equation

. -~ 1 -
AH +k*H - ;[cuﬂH X grad 6] (4)

where

k? =iwpeo, Re(k)>0.
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On the interfaces S; of discontinuities of the electrical conduc-
tivity o(M) certain conjugation conditions must be satisfied:

_ 1 )
(H,ls,=0, [; curl, H]S =0
i

where the brackets represent function discontinuity, i.e., the
difference between limiting values on the inner and outer sides
of the interface S;. On the surface of the Earth the values of
H®, and hence also those of dH3/dn =-divS H?, are given
(dxvs is a symbol for two-dimensional divergence). It is known
from the theory of partial differential equations that this prob-
lem has only one solution. It can be expressed as

HonD = f f G oM, Mo) HA(Mo) Sy,
S,

where 60,«; is the matrix Green's function governed by the
distribution of o(M) and is parametrically dependent on w.
The solution obtained provides the electric field

EM)=——— curl #
E(M) (M)cur )

_%cuﬂ ffGo‘, M, MQ)HO(MO)dSM

Now all that is necessary is to move the point M to the Earth’s
surface and, confining oneself to determination of E2, to
write down

EXM3) = f f Ro (Mo, Mo) HAMo)dSy, (9

where the matrix function I/(\a « is the result of the Green’s
function differentiation and reductlon It is ev1dent that
E? is determined by linear transformation of H?, which was
to be proved. The mairix function K, ,, is the kernel of the
integral operator Z° o, determined completely by the distribu-
tion of a(M).

To each distribution of o(M), ie. toeach geoelectrical model,
corresponds its own matrix K, ,, ie., its own Tikhonov~-
Cagniard operator. A concrete form of the Tikhonov-Cagniard
operator (i.e., of the matrix K ,,) can be found by solving a
direct problem. The inverse problem is reduced to reconstruc-
tion of the lehonov-Cagmard operator from the known
values E,, and H, ,and to the determination of the distribution
of o(M) in a selected class of geoelectrical models.

111, TixHoNoV~CAGNIARD OPERATOR FOR
PLANE-LAYERED EARTH

It would be interesting to find the structure of the Tikhonov-
Cagniard operator for the class of planedayered which are the
basis of the MT theory. Unlike (5), the operator Z° will
be determined in integrodifferential form. This will help to
avoid generalized functions and will render the results more
visual., Consider a model in which the Earth’s surface coin-
cides with the plane z =0 of the Cartesian system x, y, z
(Fig. 1) and the electrical conductivity of the Earth is a con-
tinuous or piecewise continuous function o(z). The Earth is
excited by currents randomly distributed in the ionosphere.
The air exhibits a finite electrical conductivity. Hence, two
mechanisms involved here are electromagnetic induction and
galvanic leakage.
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According to (4), the magnetic field within the Earth (z 2> 0)
satisfies the equations

Hy
AH, +k*H, ~lﬂ<a—-—aH’)=0

dz  ox
1 do (0H, OH,
AHy+k2fIy—;E'<az 'é;>=
AH, + K*H, = 0. 6

On the surface of the Earth H, = Hg, Hy = Hy. On the planes
Z = Z,;, where o(z) is discontinuous, the conjugation conditions

) -0 |1 [3Hx_ ?if_) _
(Hxlzy =0 [Hyly=0 [0 (az ox ,,_O
1 (aHy aH,) _
o\0z o 2 B
are met. When z oo the magnetic field vanishes. The me-

dium is magnetically uniform and, consequently, the H field
satisfies

dH, OH, OH
ax dy oz
The E field is expressed via the H field:
- 1 -
E=-—curl H. (8)

o

This three-dimensional problem can be reduced to one-
dimensional by Fourier transformations:

Kz, ﬁ)=ﬂ H(x,,2) exp - i(ax +By) dx dy

ez, a,f) “J] E(x,y,z)exp-(ax +f) dxdy. (9)

Here « and f are the spatial frequencies along the x- and
y-axes, respectively. The Fourier transforms % and e are the
spatial spectra of the electromagnetic field. Transition to a
one-dimensional problem greatly simplifies the model analysis.

According to (6) and (9), the % spectrum satisfies the
equations

¥
g
By - nhy - ;(k; - iah;) =0

4
ag
*hy - (hy ~ iBhz) =0

hy -0k, =0 (10)
where n* =a® +8% - k* and Re n>0; the primes represent
differentiation with respect to z. On the Earth’s surface

x =h3 and hy =h$. The conjugation conditions are written
in the form

h}','-n

[halz =0 [—’- (h - fah,)] =0
o 5

| . -
[;(hy lﬁhz}}zi 0.

thylz;=0

PROCEEDINGS OF THE IEEE, VOL. 67, NO. 7, JULY 1979

When z - o0 one has & - 0. It follows from condition (7) that

iohy +iPhy +hy = 0. an
According to (8) and (9), the ¢ spectrum is determined by the
h spectrum:

1
ex = ; Bk, - h_;')

1,
=—(h, - iah
€y o (hy z)
i
ex = (ahy - Bh). (12)
Now we express 7 and ¢ via scalar potentials,
Uy = ohy + Bk, U, =Bhy - (13)
These potentials satisfy the equations
0
UL - U, + 5% i =g
ai
0l -1V 2 U =0 a9

as well as conditions of continuity for Uy, U,, U;', /n? and
U./o at the interfaces of discontinuities of ¢, and the condi-
tions that Uy, >0 and U, +0asz ~> oo,

According to (10) through (13),

_aUp +8U,
x = o +62
- BUy, - al,
¥ (!3 ‘*‘ﬁz
hy  i(ahl *Bhy) i
hp=—%=- == - — U, (15)
g 7 7"
and
. = Bx2U;, + an*U.
¥ oon’@® +6%)
, UL - ek
Y onie? +8%)
H
=" U,. (16)

The potentials Uy, and U, allow separation .of the field into
two parts, called H mode and E mode. In the H mode, de-
scribed by potential Uj, there is no E, component, whereas
in the E mode, described by potential U,, there is no H,
component,

If the field contains only the # mode, then

a i
hx=a2+ﬂ2 Uh k}'=a2+ﬁ2 Up h2=_FU;I
ned gy " e Tt T
)

In this field configuration the Earth is excited by induction
(the ionospheric currents induce telluric currents). According
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to (17},

ex=Zphy and ey, = -Zh, (18)
where Z;, is the spectral impedance of the magnetic type:
iwpo Up
Zy= - (19)
S
According to (14), Z;, satisfies the Riccati equation
th n2 2
e e 7082 (0. 20
dz g P o 20)
If the field contains only the E mode, then
h =—’B—U hyz=~——U, h;=0
@ ) B '
2 R =-—U,.
x = o +8%) Ue ¢ g +8%) ¢ * g ¢
2D

In this field configuration the active mechanism is of galvanic
character (the ionospheric currents overflow into the Earth).
According to (21),

ex=Zchy and ey = ~Zoh,y (22)
where Z,, is the spectral impedance of the electric type:
1 U,
Ze= -—— 23
5T, (23)
According to (14), Z, satisfies the Riccati equation
dZ 2
Le_gz2=-T, 24)

dz

If the field simultaneously contains the two modes, it is seen
that after eliminating Uy, and U, from (15), (16), (19), and
(20),

ex = aBAZh, +(Z), - A*AZ)h,

ey =~ (Zy - BPOZ)hy - ofAZR,, 25)
where
AZ = zhﬂ‘%ze and g = m
On the surface of the Earth
€5 = aBAZ°h; + (2], - A*AZ°%) R}
ey =~ (Zh - B*AZ°)h3 - aBAZ°hj, (26)

where Z§, = Zp(z =0) and AZ° = AZ(z=0). The spectra of
the horizontal components of the electric field are linearly
transformed spectra of the horizontal components of the
magnetic field. The linear transformation coefficients are
expressed in terms of the spectral impedances of the magnetic
and electric types. The expressions thus derived determine
the form of the Tikhonov-Cagniard operator in the spectral
domain.

To determine the spatial relations it is convenient to cast
transformation (26) in the form

e =Z3hS + AZ%(ophg - o*h3)

ey = -Zhhs + AZ°(B*hS - ofhy). @n
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This allows one to consider the coefficients Z§ and AZ° as
frequency characteristics of some spatial filters affecting the
horizontal components of the magnetic field and their hori-
zontal derivatives. It is easy to show that the functions Zj,
and AZ admit an inverse Fourier transformation. Indeed, it
follows from (20) and (24) that they depend parametrically
on N and have no singularities within the range 0 <1y <.
At the ends of this range their asymptotic values are limited:

Zp=2°+0(nd)

Z0=z°+0m}) ¢, formg—>0 (28)
AZ° = const + 0(n3)
and
Z} = 0(1/n0)
Z2=0(no) p, forme—>o (29)
AZ° = 0(1/ne)

where Z%=2(z=0) is the Tikhonov-Cagniard impedance
determined by (2).

Fourier transformation of Zj and AZ® provides the spatial
characteristics of the filters:

GY(x,y) = 4—1"7]‘[ ZyVo? +8?) exp i(ax +fy) da df

ng(x,y)=4—:r-; f AZ°(\/o? + %) exp iax + fy) da df.

(30)

These filters exhibit two remarkable properties: 1) they are
axially symmetric and 2) they are local.

To prove their axial symmetry, use will be made of the well-
known relations between Fourier and Hankel integrals:

Z}r? f f&/a? +B%) exp i(ax +By) da df

1 -]
=-2—f F(no) Jo(nor) nodno
T Jo

where 1o =Va? +8%, r=vx?+y?, and J, is the zeroth-
order Bessel function. Then, according to (30),

1 o
Gy(x,y) =G = P f Zy(no) Jo(Mor) Nodno
o

1 o0
ze(x, y)= ng(r) = ;1-1' f AZO(no) Jo(nor) Nodne.
(i

(E2))

Locality of the filters follows from the Tikhonov [6] theorem
of asymptotic behavior of integrals containing Bessel func-
tions. By applying this theorem to integrals (31) one finds
that for 7 - the G and Gj, functions decrease faster than
17" where n is any integer.

The functions G and G5, are the kernels of integral and
integro-differential transformations determining the form of
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the Tikhonov-Cagniard operator in the space domain. Indeed,
applying an inverse Fourier transformation to (27) and using
the theorem of spectral convolution reveals that

EY(My) = ff G2, ;) Hy(Mo) dSy,

Vi HOM,) D2HO(My)
+H Gﬁz(rm.;)( a;ayo - °)dsM,,

ES(M) = - J' ! G rag 1) HAUMo) dSy,

by 2 2
+ ﬂ GXz(rM,M;)(a o) 3 Hg%)) dS, -

ay oxdy

In these formulas My = {x, », 0}, My = {x’, »', 0}, and
™ M), =Vx-x)Y+@- 4 "Y2. It is evident from (32) that
the main contribution to E° arises from a bounded area which
has the form of a circle centered at the point Mg. This is
in effect a filter pass area. Its radius is a measure of the
Tikhonov-Cagniard operator locality.

The Tikhonov-Cagniard operator consists of integral and
integro-differential terms. Let us attempt to elucidate their
physical sense. The integral terms are associated with the
kernel G§ determined by the spectral impedance Zj of the
magnetic type. They therefore reflect the contribution of
the H mode, i.e., the electromagnetic induction in the Earth,
The integro-differential terms, on the other hand, are associ-
ated with the vertical component of the electric currents.
Indeed,

7 2HO(M,) THUM
f f Gu(rM,M;( =Mo) THA °)) aSy,

dxdy ax?

Fey
3, (M,
=- JT GRzCm,m;) j‘;x o) dSy,
r PHAUM,) 3*HA(M,)
ﬂ ng("‘“’”*)( SR . ) a5,

+00
9f,(Mo)
- ﬂ GRz(rm m2) —’%y—“—-dsm.

They evidently reflect the contribution of the F mode, i.e.,
the galvanic mechanism of Earth excitation. Numerous evalua-
tions performed by different authors for many types of MT
variations have shown that the contribution of the E mode
to the horizontal components of the MT field is negligible and
that the telluric currents have an inductive origin (Chapman
and Bartels [7]; Eckhardt et al. [8]; Swift [9]; Berdichevsky
et al. [10]; Berdichevsky and Feinberg [11}; Vanyan and
Berdichevsky [12]; Hermance [13]; Dmitriev [14]). There-
fore, without any noticeable loss of accuracy, it is possible to
disregard galvanic phenomena and to consider only electro-
magnetic induction. Mathematically this means that instead
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of transformations (27) and (32), consideration is given to the
transformations

=Z}hS ey =-Zhhy (33)

and

o
E3(Mo) = f I GZ Oy ;) HY(Mo) dSp,

ES(Mg) = - f I o) HIMp) dSy,  (34)

connected with the £ mode (Wait [4]; Price [5]). Chetaev
et al. [15] object rather vigorously, though without sufficient
grounds, to such an approximation. The question of neglect-
ing the £ mode is, however, not a critical point in magneto-
tellurics since, over the range of frequencies used for practical
MT soundings, the asymptotic behavior (28) holds good and,
hence, Z2 ~ Z§ ~ 7° (Madden and Swift [16]). Over this
frequency range, the lower limit of which depends on a degree
of field nonuniformity, both modes yield the Tikhonov-
Cagniard impedance.

IV. SpEcTRAL AND LOCAL MAGNETOTELLURIC SOUNDING

The spectral and spatial Tikhonov-Cagniard transformations
make it possible to construct two schemes of MT sounding.
The first scheme makes use of spectral transformations (26)
effected by the matrix operator

20 _ ofAZ® - a?AZ° 35
9 -2 +82Az° -apAZ®
which, with the E mode discarded, takes the form
N 0 zj
0 = 36)
o0 _zg 0 (

This scheme assumes nchronous measurements of the
horizontal components I%, H? over a rather vast area, and
.,oonstructxon of the impedance Z§, = Z° from the Fourier
spectra e, and h,, This type of MT sounding will be called
spectral. Spectral MT sounding gives a distribution 0(z) aver-
aged over the whole area covered by the Fourier transforma-
tion. Evidently, this procedure is appropriate only if one
wants to study rather large-scale or global effects. To the
aunthors’ knowledge there has never been any practical applica-
tion of the spectral scheme of MT sounding. It is, however,
very attractive from a theoretical viewpoint as it deals with
simple formulas and facilitates analysis of the MT sounding
resolution. Excellent examples of such analysis can be found
in the work by Wait [3], {4], Price [S5], Srivastava [17],and
Weidelt [18].

The second scheme is aimed at the local determination of
o(z). 1t is connected with the use of the Tikhonov-Cagniard
impedance. This scheme assumes measurements of the hori-
zontal components E’.,, H° at a single site and reconstruction
of the matrix operator

0
fg,w - 00 V4
-Z2° ¢

effecting transformation (1). This type of MT sounding will
be called Iocal. Local MT sounding is one of the most popular

(37)
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methods emploved in modern geoelectrics. It is applicable
in the class of fields for which the Tikhonov-Cagniard model
is valid.
V. ON THE PRACTICAL APPLICABILITY OF THE
TixkHONOV~-CAGNIARD MODEL

This question is usually treated in terms of spectral repre-
sentations (Wait [31, [4]; Price [5]; Madden and Swift [16];
Berdichevsky et al. [19]). The deciding criteria have been
derived from the asymptotic behavior of the spectral imped-
ances Z%, Z2 of the magnetic and electric types for no = 0.
According to (28),

28 ~ 2% and 28 ~ 2°, for ng = Va? + £ —> 0

where Z° is the Tikhonov~-Cagniard impedance. These asymp-
totic formulas define a range of low spatial frequencies
where the spectral impedances practically coincide with the
Tikhonov-Cagniard impedance. Consider, as an example, a
homogeneous Earth (0 = const) for which, according to (2),
(20), and (24),

iwplo

2% = (38)

zg=-Mh g G9)
n 1o = x? 1 +i(1?od [2)

and
2 22
v 2 k2 d
2=2 YK g0 /400 (40)
g o 2
where
2
d= 41
WikoO
is the field penetration depth. If
1ed <K 1 (42)

then ZJ ~ Z9 ~ Z° Condition (42) relates the field penetra-
tion depth and the spatial frequencies for which application of
the Tikhonov~Cagniard model is permitted. This is the well-
known Wait-Price criterion. Theoretically it is an ideal crite-
rion, but it proves difficult to use in practice, since we know
too little about the spatial spectrum of pulsations and bays
which provide the basic excitation sources for MT sounding.
Price tries to avoid this difficulty by approximating the field
with single spatial harmonics whose parameter 1, reflects the
source size. But such a model approximation is rather specula-
tive and hardly improves the accuracy of the results. Thus
the spectral approach is more of cognitive than of practical
importance.

The Wait-Price criterion has played a significant role in the
development of MT’s. But it gave rise to a false impression
that the Tikhonov-Cagniard model can be applied only in
the cases where the field is “uniform over horizontal distances
which are large compared to the penetration depth” (Niblett
[201).

Looking for more realistic practical criteria we turn to the
Tikhonov~Cagniard spatial transformations. We shall prove
the following statement: if the horizontal components of the
magnetic field vary linearly, i.e., if

H HO ! ' a!_;g Mo , AH (M}
H7(Mo) = H7(Mo) + (x - x )——a_i_'ﬁ"(y -y Bi—, o)
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then the Tikhonov-Cagniard integro-differential operator
determined by (32) degenerates into matrix operator (37),
whose effect is reduced to multiplying H, and H, by the
Tikhonov-Cagniard impedance. To prove this we introduce
{43) into (32):

ey
ES(Mg) = Hy(Mj) f f G2(rm,m,) dSu,

MY T1
+ ~;—x'rg‘ j-J. GZ(rm,m;) dSu,

HS(Mg) ,
+ '—'I;;?i J’ GZrm M) -¥')dSp,

$
-

o

ES(Mo) = -H3(Mo) ﬂ

G20, m.) dSM,

My [
ax'

G rm ;) (x - x') dSy,

L
e

AH2MY) [T ,
- —-—’-;i—“—) ﬂ G ra my)0 - ') dSy,.

According to (28) and (30) the first integrals on the right-
hand sides of these formulas simply yield

400 o0
ff G2m M) d5M, = Lim _”. G%(x,y)exp-i(ax +fy)dx dy
—on 5—-»0 %
= lm Zj(ne)=2°.
o, #(No)

Because of the axial symmetry of the G filter it follows that

= o a2
ﬂ G rp m)x - x')dSy, = f f G%(r) cos gridrdy
o o v

£ n
= j Gy (r)rtar f cos pdy =0
o 0

and

L oo 2
i~ [}] ]

00 2n
= f GY(r)r2ar f sin gdg = 0.
0 0

Consequently,
EQ(Mo) = Z°H3(Mo) and E° (M) = -Z°HY(M;)

or
o 2z°
-2° o0

E3 (M)
ES (M)

HY(Mp)
HS(Mq)
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which was to be proven. In this model the Tikhonov-Cagniard
impedance can be derived from the horizontal components of
the fields measured at any point of the Earth’s surface. We
have, therefore shown that the model with an arbitrary linear
variation in H° still allows the formal determination of the
Tikhonov-Cagniard impedance.

To obtain the Tikhonov-Cagniard impedance in practice, it
will suffice if the horizontal components of the magnetic field
change linearly over the pass area of the G and GJ, filters.
We shall now estimate the radius of this area (filter radius).
The simplest case is a homogeneous Earth, where 0 = constant.
According to (31), (39), and (40),

GO =- iwpy [ Jo(nor)modno
d 2 Jy Vb - k2
iwpg exp ikr
27 r
6o =L ~ Jo(Mor)Modno
AZ - amed,  Vni-K?
1 expikr
- — 2T (44)
2 r

The G2 and G2 filters are two-dimensional. Their effect is
characterized by the functions

(435)

Indeed, if the two-dimensional axially symmetric filter G
affects F, then

GY = 21rGY and G3, = 21rG3,.

24 o 2%
f f Glr,,) F(Mo) dSi, = f Grar f FGr, ¢) dy
4N 0 0

= f G()F(r) dr
1]

where F is the mean value of F on the circle of radius r,

. 1 [
F(’)=2_f F(r,p)dy
T Jo

and G is the effective filter characteristic
G(r) = 2mG(r).

The effective characteristics of the G and G2, filters, accord-
ing to (44) and (45), have the form

~ ~ 1
G = -iwpg exp ikr and GXZ=-;expikr.

Upon normalization, one obtains
50
—Z£1_ g1 4n4
WHo|
where d is the field penetration depth calculated by (41).
Clearly the two characteristics coincide. They are shown in
Fig. 3. Having limited the pass area by a level of 0.2 one
obtains the filter radius r; =1.6d. The maximum size of
the pass area is 3.2d. Thus the following statement can be
made: If on the surface of a homogeneous Earth H, and H,

oGz = (46)

PROCEEDINGS OF THE IEEE, VOL. 67, NO. 7, JULY 1979

x0

Pl

1 1.6 2

]

Fig. 3. Effective characteristics of the G% and GAgz filters for a

homogeneous Earth,

vary linearly over distances of the order of three times the
field penetration depth d, the ratios Ey[H, and E)[H, deter-
mine the Tikhonov-Cagniard impedance irrespective of the
relations between the H and the E modes. It is interesting
to compare this criterion with the spectral criterion (42)
written in the form L >> 2ad, where L is the harmonic spatial
period. The harmonic comprising a few tens of d admitsof a
linear approximation over a distance of 3d. The two criteria
are therefore consistent.

In the case of a layered Earth, calculations become more
comphmted The best estimate is derived after splitting up

the GAZ filter. We introduce the wave number k; = Viwpo0,
of the first layer and represent AZ° in the form
0_Z?,-Zﬂ_§_V_° “n
m ki ki
where
2 _ 22770 4 2270
-k1)Zp +kiZ,
Vo:(‘no l)zh 1Ze 48)
no
Then, according to (31),
G3(n) Gy
Gy =—2—=- L= (49)
k] kl
where
1 o
Gy = Py f V%Mo) Jo(Mor)nodno. (50)
°
Consequently,

1 0j-(M
]z( 0)}dSM°

ES(Mo) = f f G2y, M) {H° (Mo) - ™

4o
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The second term can be integrated by parts:

1 372(M,
E2(My) = ﬁ GZ(TMOM){HO(MO)‘ Ve “}dsm

ox
M
J-f G ra, m2) "( o) x-x' 22 dsy,  (51)
™M,
where
1 dGV(I‘)
G = e ——
W( ) kl dr
-5; V(o) J1(Mor)n0dNo. (52)
In a similar way,
197%™
EO(MO)‘_J]‘GZ(’MM ){HO(MO)+ ]z;yc.)}dsﬂlo
.U G, m:) JZ(MO) 22y = dSy,. (53)
T™M, M,

In these transformations the E mode splits into two parts.
The first part, expressed by the horizontal derivatives of 72,
joins to the G% filter. The second part, connected directly
with ]z, remains in the pass area of the Gy filter. The G%
and Gw filters have the same dimension and affect Hj . ¥
(1/x%)(92/0x, y) and j2/k,. If the Earth is homogeneous,
then, according to (39), (40), (48), and (52), G?y =0. Thus
this filter reflects the influence of the earth’s vertical inhomo-
geneity (‘““layering effect”).

Consider two rather typical models, imitating the geoelec-
trical structure of regions with, respectively, a higher and a
poorer conducting sedimentary cover and with a fairly well
conducting zone in the upper mantle. These are four-layer
models with the parameters:

=3Qm p,=3X102Qm
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The G% filter just slightly depends on p,. Let us find its
range 7g,, as radius of the pass area limited by a level of
0.2. The value of rg, increases with the variation period.
Geophysicists engaged in studying sedimentary covers are
usually quite satisfied to observe variations whose periods
reach T, and T,. Over these periods g, =15 and 75 km.
Upper mantle investigations, on the other hand, would involve
variations with periods 73 and T4. Here TGz = 150 and
175 km.

The G{’y filter depends to a large extent upon p,. Defining
level 0.2 off a maximum of the filter effective characteristic
one finds the radii rg,,.

Tl T2 T3 T4
Model I TGy = 50 225 850 1000 km
Model I TGy = 40 125 270 300 km

As can be seen, the G filter is much less local than the G%
filter. However, these filters affect fields of quite different
intensities. To variations in H2 of order 1Y=10"3 A/m
correspond variations in j‘z’ not exceeding, according to the
most rigorous estimates by Morgunov et al. [15], 1071 to
10712 A/m®. If p; =3Qm and T<10%s, then over the
whole period range concerned in Model I, |j3/k,| <5X 1077
to 5X 1078 A/m, which is three to four orders of magnitude
lower than the H? intensity. The same relations are obtained
for Model II. It is hardly necessary to prove that the contri-
bution of the Gjy filter to E? is negligible and almost does
not affect the degree of locality of the Tikhonov-Cagniard
operator.

It seems evident that locality of the Tikhonov-Cagniard
operator is largely governed by the G% filter. The diameter
of this filter is under 100-200 km when a sedimental cover
with a thickness of up to 3 km is studied and increases to
300-500 km for investigations of fairly well conducting forma-
tions of the upper mantle lying as deep as 100 km. If, over
such distances, the H, and Hy, components change linearly
and the Earth layers are horizontal, the ratios Ex/Hy and

P3=3%X1020m ps=3X1020m

Model I

hy=3km hy=50km hs =50 km

p1=3002m p,=3X103Qm p3=3X102°Q p,=3X102Q
Model I1

1=3km 2=50km h3=50km

The Mt sounding curves calculated for these models are
shown in Figs. 4 and 5. Apparent resistivities were calculated
using the traditional Tikhonov~Cagniard formula

|z°[2
WHo

In the same figures one can see the effective characteristics
of the filters

pr=

G% = 2nrG% and GY = 2nrGYy
normalized by the factor 1/wpy. They have been calculated
for characteristic periods T referring to the ascending branches
(Ty, T,), maxima (T3), and descending branches (T4) of the
pr curves.

Ey[H, determine the Tikhonov-Cagniard impedance. Surpris-
ing as it seems, the Tikhonov-Cagniard model can be applied
to fields with fast horizontal variations!

Judging by the results of modern geomagnetic measurements
over distances of hundreds of kilometers, the horizontal com-
ponents of the magnetic field can almost always be approxi-
mated by linear functions. The only exceptions arise for
zones with local field maxima (say, for the auroral zone).
This speaks in favor of an almost general applicability of
the Tikhonov-Cagniard model for the interpretation of MT
sounding carried out in regions characterized by a horizontally
homogeneous ground structure. Now it becomes clear why
MT soundings in polar latitudes (for instance, in the Arctic
ocean) agree fairly well with the Tikhonov-Cagniard model
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Fig. 4. (a8) MT sounding curve. (b) Effective characteristics of the
G% and Gy filters for Model I.

in spite of rapid horizontal changes of the field (Trofimov
and Fonarev [21]).

V1. CONCLUSION

The conclusion can be drawn that the condition determining
applicability of the one-dimensional Tikhonov-Cagniard model
is linearity of the horizontal field variations rather than the
slowness of these variations. It is worthwhile to remember an
early result obtained by Wait [3] regarding high-frequency
asymptotics of the electric field. In the case of a homogeneous
Earth

k4

Z° (3*°HY O°HY 82H°) (l)
- = 70 —_— x _ X 2 X +
ES = Z°HS + (a’ —E 25 E )40

2k
It is evident here that over a high-frequency range the devia-
tion of ES/H; from the Tikhonov-Cagniard impedance is
asso_giated with the second but not with the first derivatives
of H2. This peculiar feature of high-frequency asymptotics is
in full accord with our theory.

It has been believed for years that the magnetotelluric fields
should be uniform over distances of the order of hundreds
of kilometers. This imposed too severe restrictions on the
structure of the electromagnetic field under consideration
and sometimes gave rise to doubts as to the reality of the
Tikhonov-Cagniard model. Now the necessary conditions
can be relaxed; all that is required is that the fields vary only
linearly at the surface of the sounding area. This considerably
extends the boundaries of practical applicability of the
Tikhonov-Cagniard model.

Madden and Nelson [22] titled their paper “A defence of
Cagniard’s magnetotelluric method.” Our paper could have
been titled ‘“A justification of Tikhonov and Cagniard’s
magnetotelluric method.”
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Electromagnetic Induction in Thin Sheet
Conductivity Anomalies at the Surface
of the Earth

JOHN T. WEAVER

Abstract—Lateral variations in the Earth’s conductivity complicate
considerably the calculation of the electromagnetic response of the
Earth to an external inducing field which is uniform and horizontal.
Although analytic solutions have been found for a few simple two-
dimensional models in which the conductivity varies in one horizontal
direction only, it is necessary, in general, to resort to numerical meth-
ods. If the conductivity variations of inferest are confined to a sur-
face layer it is often possible to represent the Earth mathematically
as 2 uniform conducting half-space covered by an infinitely thin sheet
of variable surface conductance. This simplification effectively
reduces by one the number of dimensions over which the fiekl equa-
tions need to be integrated numerically. [t is shown that for a two-
dimensional model the horizontal component of the electric field
satisfies an integral equation on the surface of the thin sheet, which
can be solved numerically for arbitrary sheet conductance. The accu-
racy of the numerical procedure is confirmed by applying it to £- and
B-polarization induction in two adjacent half-sheets and then compar-
ing the solution obtained with known snalytic solutions of the same
problem. In three<dimensions the two horizontal components of the
surface electric field satisfy s coupled pair of double integral equations
which can also be solved numerically for an arbitrarily varying conduc-
tance of the surface sheet.

I. INTRODUCTION

N ELECTROMAGNETIC problem of current interest in
A geophysics concerns the effect of lateral changes in the
Earth’s conductivity on telluric currents induced by an
external magnetic source of either natural or artificial origin.
Analytical solutions of even the simplest model structures are
notoriously difficult, if not impossible, to obtain. In general,
numerical methods must be used, but for three-dimensional

Manuscript received July 31, 1978; revised October 31, 1978. This
research was supported by the National Research Council of Canada.

The author is with the Department of Physics, University of Victoria,
Victoria, B.C. V8W 2Y2, Canada.,

conductivity structures they can become unwieldy both in
storage requirements and in the time required for the iterative
procedure to converge.

In some structures of practical interest, the conductivity
anomalies are confined to a thin layer near the surface of the
Earth. Obvious examples are shallow lying ore bodies, sedi-
mentary layers, and, on a larger scale, the oceans whose electri-
cal conductivity is orders of magnitude greater than that of the
surrounding land masses. In such models it is often possible to
consider a simplified mathematical model of the Earth in
which the surface layer containing the conductivity anomaly is
replaced by an infinitely thin sheet of variable conductance
(integrated conductivity) underlain by a uniform or horizon-
tally layered conducting half-space. By restricting the lateral
variations in conductivity in this way we are able to limit the
numerical solution of the induction problem to the surface
plane; analytic solutions can be found in the regions above and
below the surface. The fact that a numerical grid is required
only on the surface plane not only reduces by one the number
of dimensions over which the relevant equations have to be
solved numerically, but also eliminates the numerical diffi-
culties which would otherwise arise as a result of the need for
very small grid spacings in the vertical direction to model the
conductivity anomalies adequately.

Across a thin sheet of variable conductance the tangential
electric field is continuous, but the tangential magnetic field is
discontinuous by an amount proportional to the surface current
density in the sheet. These familiar boundary conditions were
first applied to problems involving electromagnetic induction
in thin sheets by Price [1] and have been used by several
other authors since [2]-[51, in obtaining both analytical and
numerical solutions.
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