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SUMMARY

The frequency response c(w) in 1-D magnetotellurics admits a well-known integral represen-
tation with kernel 1/(A 4 iw) and non-negative spectral function w(X), A > 0. The purpose
of this paper is to elucidate the hidden, but fundamental relationship between w(}) and the
underlying conductivity structure o (z). The most important criterion for classifying the con-
ductivity structure is the existence of moments of w(}): if all moments exist, o (z) consists of
a finite or infinite number of thin sheets; the sheet parameters are obtained from orthogonal
polynomials associated with the weight function w(A). If no moment (or only a finite number
of moments) exists, o (z) contains sections with a piecewise continuous conductivity structure,
possibly covered by thin sheets. In both cases, the spectrum may be continuous, completely
discrete or a mixture of both. The great variety of possible spectral functions is illustrated
by a plethora of examples. The present investigation has no immediate impact on practical
inversion because the unstable determination of w(}) is mostly circumvented in the inversion
of experimental data. Therefore, the rich morphology of the spectral function generally has
escaped our attention.

Key words: electrical conductivity, electromagnetic induction, inverse theory, magnetotel-
lurics.

1 INTRODUCTION

Because of its great simplicity, the inverse problem of 1-D magnetotellurics is the best studied inverse problem in geoelectromagnetism. An
answer can be given to all relevant questions of uniqueness (Tikhonov 1965), existence (Weidelt 1986; Yee & Paulson 1988b) and construction
(Parker 1980; Parker & Whaler 1981) of a solution. In particular, the last two issues are treated for incomplete data sets.

In the 1-D magnetotelluric problem, all field quantities depend on the depth coordinate z only, z positive downwards. The one-component
electric and magnetic field vectors E = EX and H = HY¥ satisfy for a time factor exp(iwt) the equations, using throughout the abbreviation
¢ =lw,

E'(z,¢0)=—¢uoH(z,8), H'(z,§)=—0(2)E(z,{). (1.1)

where the prime denotes differentiation with respect to z and o(z) > 0 is the electrical conductivity. Eliminating A from eq. (1.1) yields the
ordinary differential equation

E"(2,8) = oo (2)E(z, ©). (1.2)
If E(z, ¢) is the solution of eq. (1.2) with E’(z, ¢) — 0 for z — o0, then the magnetotelluric response function ¢(¢), as defined by Schmucker
(1970), is

ct) = £O, é:) = - 1?(0: 9 (1.3)

S H (07, ¢) E"(07,¢)
where provision is made for the case that, as a result of the presence of a thin conducting sheet, H(z) may be discontinuous at the surface
z = 0. The complex response function ¢(¢) has the dimension of a length and admits the spectral representation (Weidelt 1972; Parker 1980;
Yee & Paulson 1988a)
 w(A)dxr

=+ [ EOE
The constant wg in eq. (1.4) is the thickness of an insulating surface layer, below which the first conductor occurs. For simplicity, it is

wo >0, w)=>0. (1.4)

assumed that wy = 0, but a positive w, is easily introduced whenever required. The non-negative real function w(}) has to be considered
as a generalized function to include both the continuous and discrete part of the spectrum. We avoid the more appropriate Stieltjes integral

566 © 2005 RAS



Spectral function and conductivity structure in MT 567

notation and represent the discontinuous part by a superposition of -functions. Although the name ‘spectral function’ is usually reserved for
J w(x)dx, we shall apply it for simplicity also to w()). The points A > 0 with w(i) > 0 correspond to the decay constants of freely decaying
current systems E(z, t) = e(z, 1) exp(—At), defined by the eigenvalue problem

e’ (z, \) + Ao (2)e(z, A) =0, €(07,1) =0, e(z,A) finitefor z — oo. (1.5)

Using for the orthogonal modes the normalization

/00 woo (2)e(z, Me(z, M)dz = §(, — 1)), (1.6)

the formal expansion of the solution of eq. (1.2) in terms of the eigenmodes is

S * e(0, Me(z, M) dr
E(z,.)=—-E'(0", _ 1.7
co=-r0 .o [ Lo (17
yielding in view of eqs (1.3) and (1.4)
w(r) = (0, 1). (1.8)
On the semi-axis { < 0, a pole of ¢(¢) at { = —A,, with residuum w,, corresponds to a spectral line at A = X, with strength w,, and is

represented in the spectral function by w,,6(A — X,,). The lower limit 0~ in eq. (1.4) guarantees that a possible term ~§(1) is fully included in
the range of integration. A branch cut of ¢(¢) in ¢ < 0 corresponds to a continuous section of the spectrum. In general, a mixture of spectral
lines and (several) continuous sections occurs.

The best-studied spectrum consists of a finite number of discrete lines and is given by the typical spectral function

N
w) =Y wud(h —Ay) with w, > 0,4, >0 (1.9)
m=1
with pairwise different A,,. The 2N positive parameters of w(A) are mapped onto the 2N free positive parameters of the conductivity distribution
N
o(z) =18(z) + Y Tz —z,) with z,> 0,7, >0,y = oc. (1.10)
n=1
This conductor consists of a thin surface sheet with conductance (= depth integrated conductivity) 7, followed by N sheets with conductances
7, at depths z,. The terminating sheet is perfectly conducting. This degenerate class of conductivity models has to be considered when
constructing in a D interpretation of experimental magnetotelluric data the best-fitting 1-D model (Parker 1980; Parker & Whaler 1981).
Experimental data are collected on the imaginary ¢-axis (= real w-axis), whereas the spectral function is associated with the behaviour
of ¢(¢) on the negative-real semi-axis,

1
W) = —— lim Se(—A + ie), (1.11)
T e—~>0F

where J denotes the imaginary part (cf. Yee & Paulson 1988a, p. 272). This involves an unstable analytic continuation in the direction of
the sources (cf. Fig. 1). Therefore, small details of the spectrum cannot be reliably inferred from experimental data and a representation of
experimental data by approximating eq. (1.4) by a finite set of discrete lines,

N
wm
c(¢) =wo+ s Am 20, w, >0, (1.12)
X Data
e DPole
— Cut

Figure 1. Response function ¢(¢): Position of singularities and data in the complex ¢-plane.
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will mostly be fully adequate. In theory, however, the spectrum is much richer: besides a finite number of discrete lines, it may consist of an
infinite number of discrete lines or of one or several continuous sections, possibly with interlacing discrete lines. The aim of the present paper
is to explore in some detail the relationship between the fine structure of the spectral function and the underlying 1-D conductivity structure.
Although this study will be of limited relevance for the actual solution of the inverse problem, it visualizes a fundamental facet of the inverse
problem, which generally escapes our attention.

Let the moment of order & of w(}) be defined as

[o0)
Sk :=/ wA A, k=0,1,2,.... (1.13)
With regard to the existence of moments, two different classes of conductivity distributions have to be distinguished, as follows.

(i) If moments s; of all orders k exist, then the underlying conductivity structure o (z) consists of a finite or infinite set of thin conducting
sheets. The existence of all moments requires that w(A) is integrable and that either w(x) = 0 for A > b (with b < c0) or that w(1) decays
very fast for A — 0o (e.g. exponentially). The spectrum may be discrete or continuous or a mixture of both. This class is typically represented
by the discrete spectrum (1.9) with the thin sheet structure (1.10).

(i1) If w(}) is not integrable at all or if only a finite number of moments s; exists, then o(z) contains a piecewise continuous conductivity
section, possibly lying under a finite number of thin sheets. To this class belong the spectral functions w(A) with a slow decay for A — oo.
(The integral representation (1.4) exists if the decay is as slow as 1/1¢, € > 0.) Again, the nature of the spectrum is arbitrary. A prominent
representative of this class is the uniform half-space (conductivity o), where

1

7/Ao00

For the thin-sheet models (i), we can develop a fairly complete theory, which is based on continued fractions (CFs) and orthogonal

w(r) = (1.14)

polynomials, well-studied mathematical subjects of the late 19th and early 20th century. Although the underlying theory of these subjects is
well presented in text books (e.g. Perron 1913; Wall 1948; Szeg6 1975), for a more self-contained treatment and a unified notation, some of
the relevant material will be readdressed. A less complete theory can be formulated for the piecewise continuous conductivity models (ii).
Here, the treatment will be limited to illustrative examples only.

The thin-sheet models (i) are studied in detail in Section 2 by representing the thin-sheet parameters both in terms of the orthogonal
polynomials associated with the weight function w(X) and in terms of the moments s, of w(X). The first formulation gives rise to a simple
new numerical algorithm for calculating the sheet parameters from the spectral function. For illustration, the sequences of thin sheets derived
from the classical orthogonal polynomials are treated in some detail.

Section 3 is devoted to the spectral functions of piecewise continuous conductivity structures, illustrated by means of simple examples.
The appendices complement the material presented in the main part of the paper. In particular, Appendix B sketches the solution of the
simplest forward problem, i.e. the determination of w(}) for a finite set of thin sheets.

2 THIN-SHEET CONDUCTIVITY STRUCTURES

2.1 Expression of the sheet parameters in terms of orthogonal polynomials

In this section, it is assumed that all moments s; of the spectral function w(A) exist, i.e.

oo
S ::/ wfdr <00, k=0,1,2,.... 2.1
The non-negative spectral function w(}) is interpreted as the weight function determining the scalar product of two functions f() and g(%),

(fg) = / w0 /(g0 . 2.2)

where f(}) and g(}) are real-valued functions of the class L2 (0, 0o). The existence of all moments allows the construction of a set of
orthogonal polynomials p,(}) of degree n,n =0, 1, 2, ..., such that

(pm’ pn) = hn8mm (23)

where §,,, s the Kronecker symbol and #,, is the Li, (0, 00) norm of p,(A). For w(}) consisting of a finite number of N discrete lines, the
polynomials can be constructed only up to degree N — 1. However, if w(A) contains a continuous section, the orthogonal polynomials exist
to an arbitrarily high degree. For instance, w(X) = s¢/(b —a)in 0 < a < A < b, with b > a and w()) = 0 elsewhere, is associated with the
shifted Legendre polynomials

2 —a—->b

b—a

The polynomials are uniquely determined up to an amplitude factor at our disposal. Let this factor be the coefficient k, # 0 of the leading
power A". Then the following result is proved.

pn(k):Pn( >,a_x§b,n:o,1,z,.... (2.4)
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Figure 2. Thin-sheet model with conductances 7, and intersheet separations d,,. The responses ¢,, with co = ¢(¢) as the MT response, refer to the position

z,, immediately above the sheet.

If all moments s; of w(}) exist, the response function ¢(¢) has to be interpreted by a stack of thin sheets with conductances 7, and
intersheet separations d, (cf. Fig. 2), which can be expressed in terms of the orthogonal polynomials, evaluated at 1 = 0, as

HoTn = pi(o)/hna n= 01 (25)
k;1+lhn

- n>0
kn Pn(0)pn+1(0)
Ifand only if w(A) is represented by a finite number of discrete lines [as in eq. (1.9)], is the number of sheets finite. So far no standardization (e.g.

dn+1 = (26)

h, =1 or k, = 1) of the polynomials p,()) has been applied, and the two dependent parameters &, and %, have been retained for flexibility.
A simple numerical algorithm for the computation of the sheet parameters associated with a given weight function w(A) is presented in
Section 2.2.

For a justification of the above result, it is first noted that the orthogonal polynomials p, () satisfy for n > 0 the three-term recurrence
relation (e.g. Erdélyi et al. 1953, p. 158; Szegd 1975, p. 42)

Put1(A) = (4,4 + By)pu(X) — Coupu1(2) (2.7)
with Cy = 0 and

where

Pa(X) = kA" + K+ and By = (Do pa)- (2.9)

The mathematical basis for the representation of ¢(¢) by a stack of thin sheets is Markoft’s theorem (Markoff 1895), presented here in the
formulation of Erdélyi et al. (1953, p. 162); see also Szegd (1975, p. 54) and Perron (1913, § 68). Markoff’s theorem expresses ¢(¢) as a CF
in terms of 4,,, B, and C, as

* wh)dxr soAo
c(§) = / : = o . (2.10)
0 +¢ 1
Aot — By — G
A — B — —mF——
At — By — ...
This CF representation converges in the whole ¢-plane with the exception of the points ¢ = —A with w(A) > 0.
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In addition to the contracted CF (2.10), we consider also its even extension, defined by the property that the approximant of order m of

the contracted CF agrees with the approximant of order 2m of the extended CF, m =1, 2, 3, . ... Then contracted and extended CF's are given
by (e.g. Wall 1948, p. 21)
ay
c¢) = o .11
Aog + by — b
Ag+a + b —
l{ ! ! A2§‘+a2—|—b2—...
A
- a0/ Ao : (2.12)
¢+ bo/ Ao
1 + a /A]
4+ bi/4,
A
1+ ar/ A,
C+...
where the comparison of eqs (2.10) and (2.11) yields
ap = SOAO’ b() = _B07 bn—lan = Cns a, + bn = _an n= 1. (213)

Contraction and extension are illustrated by verifying that, for instance, the approximant m = 2 of eq. (2.11) agrees with the approximant
2m =4 of eq. (2.12):

A
ap _ ao/ Ao . (2.14)
Aol + by — boa, c+ bo/ Ao
0 ! A& +a + b 1+ a/ A,
¢ +bi/A4
Solving eq. (2.13) for a, and b,, we obtain for n > 1
Cy
a, = — C 5 bn = _Bn — dy, (215)
B _ n—1
n—1 2 Cl
n—2 e BO
and deduce from eq. (2.7)
an = =Cypp-1(0)/pu(0), n =1, (2.16)
and
by = =pu+1(0)/ps(0), n=0. (2.17)

Moreover, ay = s Ao. Recalling that w(A) = 0 for A < 0, all n zeros of p, (1) lie in A > 0 (e.g. Szegd 1975, p. 44). Therefore, no sign changes
of p,(}) can occur in A < 0 and sign[p,(1)/k,] = (—1)" for A — — oo implies sign[p,(0)/k,] = (—1)". With eqs (2.8), (2.16) and (2.17) it
then follows that a,,/4, > 0 and b, /A, > 0. This positivity warrants the further substitutions

\ 1 b, 1
2 2~ pso, (2.18)

An B H«Ofndn’ An B H«Ofndn-%—l ’

with the understanding that ag/ 4o = 1/(i4¢7 o). The inversion of eq. (2.18) yields

pozy = DB bty A (2.19)
aopdi . ..a, bob; ... b,

The new parameters t, and d, will turn out to be the intrinsically positive thin-sheet parameters. The substitutions (2.18) transform the CF

(2.12) into (¢f- Perron 1913, § 67)

o(t) = ! : . (2.20)

MOTOC + 1
dy +
HoTi ¢ +

d+ ...
This CF represents the response of a stack of thin sheets (¢f. Fig. 2) because the response functions ¢, and ¢, at levels z, and z, | (i.e.
immediately above the sheets) are recursively connected by

1
- = MOT)ZC + (221)

Cn dpy1 + Crpi
Concatenating these recursion formulae, starting with ¢(¢) =: ¢, we arrive at the CF (2.20). Finally, the result quoted in eqgs (2.5) and (2.6)
is obtained by inserting eqs (2.16) and (2.17) into eq. (2.19) on using eq. (2.8) and /1y = p2 59 = p? ao/Ao.

If w(A) has an infinite number of points, where w(A) > 0, the CF (2.20) is infinite. This occurs, for instance, if there exists at least one
section where 0 < a < A < b, w(A) > 0 or if w(X) is a superposition of an infinite number of §-functions at the discrete points A,,.
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The CF is finite, if w(X) consists of a finite number N of §-functions. The termination of the CF (2.20) will be demonstrated for the
example (1.9), assuming more generally A > 0. The scalar product (2.2) now reads explicitly

N
(f18) = WS (h)g(h). (2.22)
m=1

Therefore py (1), being orthogonal to the N polynomials up to degree N — 1, is simply

N
pn(d) = ky 1—[()» = o), (2.23)
(=1

implying Ay = (py, py) = 0. If min(A,,) > 0, then py(0) # 0 and 7y = oo. If, however, min(A,,) = 0, then py(0) = 0 and dy = oo (i.e. the
conductor terminates with the finite conductance 7 y_;). In this case, regular orthogonal polynomials exist only up to degree N — 1, whereas
no normalization is possible for degree n > N.

2.2 A numerical algorithm

For numerical simplicity, the orthogonal polynomials p,(A) with the weight function w(}) are now assumed to be normalized, i.e.

hy = (P, pu) =1, k, > 0. (2.24)
Then the three-term recurrence relation (2.7) reads on using eq. (2.8)

:3n+1pn+1()") =(- an)pn()‘) - ,Bnpn—l()\)v (2.25)
where B, = 1/4, = k,/k,+1 > 0 and a,, := (A p,, p,). The value of «,, follows from eqs (2.24) and (2.25) observing that p,_;(A) and
Pn+1(A) are orthogonal to p,(1). Eq. (2.25) opens a simple way for the recursive computation of the polynomials: starting with
p-1(x) =0, po(2) 1= 1//s0, Bo := 0, (2.26)
we obtain forn =0, 1,2, ...

(@) oy = (Apn: Pa)s

(11) ﬁn+l()‘) = ()" - an)pn()‘) - ﬂnpn—]()")y

(ii1) Bur1 == v/ (Put1> Put),

(V) put1(d) := Pur1(A)/ Bt
Taking into account that s, = 1, k,,/k,+1 = Bn+1, €qs (2.5) and (2.6) simplify to

oty = p2(0),n > 0, (2.27)

=0
Pn(0)Put1(0)
In step (ii) and (iv) of the algorithm, p,.(0) and p,(0) are updated along with p, (1) and p,.(}). The spectral function w(A) enters in
step (i) and step (iii).
Again the finite discrete case (1.9) deserves special attention. Because 8y ky = ky_1, equation (2.23) implies

dy1 = (2.28)

N
v =k [ [ =20 (2.29)
=1

First let min(A,,) = 0. Then py(0) = 0 and therefore dy = 0o, meaning that the conductor terminates with 7 y_;. Now let min(4,,) > 0. In
view of the normalization Ay = 1, the polynomial py(A) given in eq. (2.23) demands that ky = oo, resulting in py(0) = co and 7y = oco.
For the finite discrete case, the performance of the present algorithm was compared with the performance of the Rutishauser algorithm
proposed by Parker & Whaler (1981). This algorithm transforms the frequency domain partial fraction (1.12) into a CF of type (2.20). Even
for complicated models with 50 to 70 sheets, no difference was detected. This means that the algorithm described is both simple and stable.

2.3 Expression of the sheet parameters in terms of the moments

In the previous two sections, the sheet parameters were expressed in terms of orthogonal polynomials p,(}) generated by w(i). As an
alternative, the sheet parameters can be expressed in terms of the moments s, of w(). This presentation requires the determinants A, (7),
i =0, 1, defined by Ay(i) := 1 and

N Sit1 oo Sign—1
. Si+1 Si+2 . Si+
AnGi) =] l L e § (2.30)
Sitn—1 Sitn ---  Sit2n-2
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Here, A,(7) is an nth order determinant with the element s; in the upper left corner. A determinant, in which the entry (j, k) depends on
J + k only, is called a Hankel determinant. If there is an infinite number of points with w(A) > 0, then A, (i) > 0 for all #. This is immediately
obvious from the fact that the positive-definite quadratic form

o0 n—1 2 n—1
/ w(A)A (Z Mu j> A=) Siejittjuy (2.31)
o =0

Jk=0

Then the presentation of the sheet parameters in terms of the moments is

2
A,(1) >0, (2.32)

= n=
ROt = A (0) A, 1(0)

A2, (0
oy = —2n©@ (2.33)
Ay(D)A,11(1)
These results are also quoted by Shohat & Tamarkin (1943, p. 73), referring to Perron (1913). The first few sheet parameters are
1 52 52 508y — §? :
poto = —, di=="2, pot = —12, dy = % (2.34)
So A So (S()Sz _Sl) S1 (S153 —52)

This example clearly shows how the number of required moments increases with increasing depth of investigation: all moments up to order
2n and 2n + 1, respectively, are required to recover t, andd,,n =0,1,2,....
We shall derive eqs (2.32) and (2.33) from eqs (2.5) and (2.6) on using for p,(}) its representation in terms of the moments: let

PN =y, (2.35)
j=0

where a,, =: k, # 0 is taken as a free scaling factor at our disposal. In particular, po(1) = k¢. For n > 1, the remaining » coefficients a,; are
determined from the » conditions

A", p)=0, m=0,....,n—1 (2.36)
implied in the » orthogonality conditions (p,, p,) =0,¢ =0,...,n — 1. From eqs (2.35) and (2.36) result the n equations

n—1

Za”fsf+”’ = —kySyim,m =0,...,n—1. (2.37)

Jj=0

Solving for a,; and inserting in eq. (2.35), we obtain for n > 1

S0 S1 oo Sp—1 Sn
k S1 S2 .. Sn Sn+1
(D) = - 2.38
P = 345 (2.38)
Sp—1 Sp eev S22 S2p—1
1 P Uit A

(Erdélyi et al. 1953, p. 158). Obviously, the co-factor of A" is &, and eq. (2.36) is satisfied because, after insertion of p, and integration, the
(n + 1)th row of the resulting determinant duplicates one of the n upper rows and therefore the determinant vanishes.
Following Wimp (2000, p. 191), we deduce from eq. (2.38) for A =0

Pn(0) = (=1)"k, A, (1)/ A,(0). (2.39)
Moreover, using eq. (2.38),
hn = (pn» pn) = kn()‘n7 pn) = kiArHrl(O)/An(O) (240)

After eliminating with eqs (2.39) and (2.40) the quantities p,(0), &, and 4, from eqs (2.5) and (2.6), we arrive at eqs (2.32) and (2.33). A
derivation of these equations without appeal to orthogonal polynomials is given in Appendix A.
The expression of the cumulative parameters

Sp=Y tn=0, z:=0, z,:=Y d, nx1, (2.41)
=0 (=1
in terms of the moments is particularly simple,
A2 Api(—1
oS, = @ Zn = _AeED (2.42)
An-%—](o) An(l)

The determinants A, (2) and A, (—1) are also defined by eq. (2.30) with i = 2 and i = —1. In the latter case, the additional definition s _; :=
0 applies. The relations (2.42) are proved by first verifying that Sy = 7 and zy = 0, and then considering S, — S,y =7, andz, —z,_| =
d,, n > 1, on using the identity (Polya & Szegd 1971, problem VII,19)

Al = DA+ 1) = Mg (= DA+ 1) = AZG). (2.43)
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For the finite discrete case (1.9), for which eqs (2.32) and (2.33) deserve special attention, the pertinent results are summarized only: the
determinants A, (i) are positive forn < N — 1 and vanish forn > N + 1. Forn = N, we have A 5(0) > 0 and either A (1) > 0 if min(x,,) >
0 or A y(1) =0 if min(A,,) = 0. From eqs (2.32) and (2.33), it then follows that the stack of thin sheets ends for min(%,,) > 0 with t y = co
and for min(A,,) = 0 with dy = oo (i.e. with the finite conductance 7 y_1).

The expressions of the sheet parameters by the moments via eqs (2.32) and (2.33) are of formal simplicity. This holds in particular also
for the cumulative parameters (2.42). However, compared with the orthogonal polynomial approach, they are less suitable for a quantitative
determination of the parameters from a given spectral function, because the evaluation of determinants is awkward and not very stable without
precautions.

2.4 The sequence of thin sheets generated by the classical orthogonal polynomials

In this section, we shall study the thin-sheet structures associated with the classical continuous and discrete orthogonal polynomials. A wealth
of information about these polynomials is contained in Erdélyi et al. (1953, chapter 10), Abramowitz & Stegun (1972, chapter 22), Szegd
(1975). The easily accessible middle reference will satisfy most needs.

The weight function (spectral function) w(}) is parametrized by its zero-order moment s, > 0 as a free parameter at our disposal. From
eq. (2.34) follows s¢g = 1/(to7 o) With 7 as conductance of the surface sheet.

2.4.1 Continuous weight function w(\)

Here, only Legendre and Chebyshev polynomials are considered, which are members of the wide class of Jacobi polynomials treated in some
detail in Appendix C.

Legendre polynomials. The weight and response functions of the Legendre polynomials P,(x), —1 < x < + 1, shifted to the interval 0
<a<A<b,b>a,are

wi) = ——,  e(g) = — log<b+c>, (2.44)

b—a’ b—a a+¢

where eq. (1.4) has been used. The associated polynomials

2 —a—>b
Pa2) = P, (—“) (245)
b—a
satisfy
pn(0) = Py(—u) = (=1)"P,(u), u:=(0b+a)/(b—a)=>1 (2.46)
and
S0 kn+l 2 2n =+ 1
n = —, = . . 2.47
2n + 1 k, b—a n+1 ( )

Therefore, eqs (2.5) and (2.6) yield the sheet parameters
10T = 2n + D[P, @)] /50, n > 0, (2.48)
dpsr = 280/[(b — a)(n + 1) Py(u) Py (u)], n = 0. (2.49)

This is an infinite sequence of thin sheets with increasing conductance 7, and decreasing separation d,, clustering at z,, = ¢(0) =
so(b — a)7" log(b/a). For a = 0, implying u = 1, P,(1) = 1, the structure simplifies to pot, = 2n + 1)/s¢, d,s1 = 250/[(n + 1) b],
n>0.

Chebyshev polynomials. The weight function of the Chebyshev polynomials of the first kind, 7', (x) = cos(n arccos x), shifted from the
interval —1 < x < +1 totheinterval 0 <a < A < b, is

wA)= ———, a<i<bh. (2.50)

Outside this interval, w(i) = 0. According to eq. (1.4), w(}) gives rise to the response function

So

= 2.51
O TaFoero =20
The associated polynomials are
) =T, (M) (2.52)

b—a

with
Pul0) = Ty(—1) = (D' T, wi=(b+a)/(b—a)= 1 (2.53)
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and
so, n=20 Kyt 2 1,n=0
n = , = . . 2.54
s0/2, n=>1 k, b—a |2,n>1 ( )
Therefore, eqs (2.5) and (2.6) give the sheet parameters
oty = 1/s0,n =0 and pot, = 2[T,)]/so.n = 1, (2.55)
dp1 = 250/[(b — a)T,(w)T,1 ()], n > 0. (2.56)

For a > 0, this is again an infinite sequence of thin sheets with increasing conductance t, and decreasing separation d,, clustering at
Zoo = ¢(0) = so/~/ab. For a = 0, implying u = 1, T,(1) = 1, we obtain the simple structure oz, = 1/so for n = 0, o7, = 2/so forn > 1
and d, 1 = 2s¢/b forn > 0.

The last conductivity model has an interesting application: if displacement currents are taken into account, the response function of a
uniform half-space with conductivity o and permittivity € is

1

V(o +¢e)

which has the form of eq. (2.51) witha =0, b = o /e and sy = 1/,/€no. If erroneously a quasi-static interpretation of ¢(¢) is attempted, one

¢) = (2.57)

would get instead of a uniform dispersive half-space an almost uniformly laminated conductor with 7) = \/€/uo, 7, = 279, n > land d, | =
D,n >0, where D := (2/0)+/€/ 0. The average conductivity, 2t/ D, agrees with the true conductivity. The length D is the high-frequency
limit of the penetration depth,

1/D = lim Ry/iowy(o +iwe) (2.58)

(where 9 denotes the real part), and 1/7 is the plane-wave impedance (= 377  for € = €,). Numerical values for € = 9¢y, 0 = 0.01 Sm™!

are 7o = 0.008 S, D =1.6 m.
An asymptotic result. In this section, it is shown that for n >> 1 the sheet parameters follow a very simple pattern, only weakly influenced
by the actual choice of the weight function. For w(X) > 0in0 < a < A < b and v := (Vb + a)/(v/b — \Ja) > 1, we have

BTy = V" F(v, w)/so, n > 1, (2.59)

4S0
dpy1 = , 1, 2.60
S S TRy S S (2.60)
where the non-dimensional function F > 0 is independent of 7.
For a proof of eqs (2.59) and (2.60), let R,(x) be an orthogonal polynomial associated with the positive weight function w(x), where

—1 < x < + 1. For formal simplicity, the standardization

+1
/ w(x)dx =1 (2.61)
-1
is applied. The polynomial R,(x) is assumed to be normalized, i.e. &, = 1 and k, > 0. Let x be real with |x| > 1 and let y be the solution of
y? —=2xy+1=0with|y| > l,ie.y = x++/x2 — 1 forx > land y = —(|x|++/x2 — 1) for x < —1. Then for n > 1 we have asymptotically,
adapted from Szeg6 (1975, p. 277 and 297),

R,(x) = y" - G(y) (2.62)

with

G) = 1 o {_yz -1 /H logli(t)WT—1]  dt } 263
V2 2r Jo yP=2t+1 122

or alternatively (Gradshteyn & Ryzhik 1980, integral 4.384.15)

2—1 (" log (s di

GO = % exp [—y [ 0 m] : 264

In particular,

G(y) = S for w(t) = ! (Legendre) (2.65)
V@/)(? = 1) 2

and

G(y) = L for W(t) = L (Chebyshev). (2.66)
V2 a1 =1

Generally, G(y) is symmetric around y = 0 if w(¢) is symmetric around ¢ = 0.
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Our application requires the shifted polynomial

2h—a—b
200 = R, <7“) 0<a<i<b, (2.67)
b—a
with the weight function, taking into account eq. (2.61),
250 2h—a—b
A) = i . 2.68
) = w( p— ) (2.68)
Of interest is p,(0) = R,(x) with
b b
X =—u,u= —|—a>1 and y=—v,v=M>l. (2.69)
b—a Vb —Ja

From eq. (2.64) it is inferred that the coefficient &, of the highest power x” of R,(x) is for n > 1 (Szegé 1975, p. 309)

- . R,(x) 2" 1 [*! logiv(t)dt
F,o=1 = - — 7, 2.70
xggo x" ﬁ eXp|: 2 1 m ( )
observing that y — 2x. Therefore, l~c,,+ 1/ k, ~ 2 and
ks 2k 4
= e . 2.71
kn b—a k, b—a @71
With i, = s, we obtain from eqs (2.5) and (2.6)
woTy = V' [G(—=v)]*/so, n > 1, (2.72)
4S0
dpi1 = ) L 2.73
A A T feTe @73)
implying
T, d 4 4 > 1 (2.74)
n = MoTplpy1 = = , 1 5 .
T b —aw T (Ja+ by

which becomes independent of the weight function and of #, and is valid also in the limits ¢ — 0 and @ — b. The time 7, can be considered as a
local decay time of the conducting sheet 7, separated by d,, | from a deeper perfect conductor. For a/b > 0.1 and n > 10, the approximations
(2.72) and (2.73) are correct to within 5 per cent for Legendre polynomials and to within 0.001 per cent for Chebyshev polynomials.

The asymptotic treatment shows that the sheet parameters are controlled by the quantity v, whereas the actual behaviour of the weight
function w(A), involved in G(—v), plays a surprisingly insignificant role. For a > 0, the conductances monotonically increase in a geometric
progression and the distances between sheets decrease with the reverse law. Therefore, the sheets converge to a perfect conductor at finite
depth. In its character, this thin-sheet structure does not differ much from that of a single discrete line (¢ — b), giving rise to a surface sheet
and a perfect conductor at finite depth. The spectral function for the complementary sequence of thin sheets with decreasing conductances
and increasing separations requires an additional spectral line at A = 0. This model is discussed in Section 2.5.

Laguerre polynomials. Contrary to the previous examples, the polynomials are now defined in the full range 0 < A < co. Weight function
and response function are

w(h) = soae” ", ¢(¢) = sae“E;(al), (2.75)
where a > 0 is a scaling factor and

< dt
Ei(z) = / e”T, largz| <7 (2.76)

is the exponential integral with a branch cut along the negative-real semi-axis. The moments s;, defined in eq. (1.13), are s, = s k!/a*.
Therefore in this infinite range, the high frequency expansion (A9) is valid only asymptotically. The first few terms are

c@)zs_o[l_£+ 2! _] @.77)
¢ ag  (ag)?

The weight function w()) generates the orthogonal Laguerre polynomials

pn(X) = Ly(a)) with p,(0)=1. (2.78)
Because

hy =50, knp1/kn = —a/(n+1), (2.79)

the sheet parameters (2.5), (2.6) are simply
wotTw = 1/so, dyy1 = soa/(n+1),n > 0. (2.80)
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2.4.2 Completely discrete weight function w(\)

These polynomials p, () are orthogonal with respect to a finite or infinite set of discrete abscissae 1, and weights w,,, i.e. the weight function
and orthogonality relation are

w()") = Z wma()" - )‘-m)» Z wmpn()"m)pj()‘-m) = hn(snj- (281)
The response function is simply
Wiy
c(¢) = . 2.82
© Z Am+ € (282)

m

Discrete Legendre polynomials. The polynomials p,(A) are shifted versions of the discrete Legendre polynomials IT,(x|N) =: IT,(x),
0 <n < N — 1, briefly described in Appendix D. They are orthogonal on a finite set of N equidistant abscissae

Ap=a+mb—-a)/(N—-1),0<m <N -1, (2.83)
with equal weights w,, = s¢/N and are given by
2h—a—b
pn(A) =11, (b—a>,0§asksb, b>a, (2.84)
—a
with
pn(0) =TI, (—u) = (= 1)'TI(w), u := (b+a)/(b—a) > 1. (2.85)
The polynomial parameters are
= N kn 2 2 DN -1
L= S0 1_[ +m, +l: . (n+ )( ) , (286)
2n+1 4G N—m kn b—a (n+1)(N—-n-1)
converging for N — oo to eq. (2.47). From eqgs (2.5) and (2.6) follow the sheet parameters
woTy = [M,w)]?/h,,0 <n <N —1, (2.87)
kn+1hn

dyyy = ———"——,0<n<N-2. 2.88

R T PR R e
Moreover (see Appendix D),

2hy_
dy = Al Ty = 0. (2.89)
(b — @)y (@) [ully-1(u) — Ty—2(u)]
Fora =0, 1i.e. u = 1, we obtain dy = 0o and 7 y is missing.
Charlier polynomials. They are an example of an infinite set of discrete abscissae,

Am =mA,  w, =s¢ ‘a”/m!, m=0,1,2,..., (2.90)

where A > 0 is the A discretization and a > 0 is a non-dimensional scaling parameter. The associated Charlier polynomials are given by (e.g.
Erdélyi et al. 1953, p. 226)

R S\ [a/A) !
pn(x)—;(—l) (r)< ; )a—r (2.91)

with p,(0) = 1. The polynomial parameters
hy = son!/a", k1 / ky = —1/(ad) (2.92)

give rise to the sheet parameters

a

nls
HoTs = s i = ®n>0. (2.93)

——.n
atlA -

For a < 1 the conductances monotonically decrease, for @ > 1 they first increase until » >~ a and then decrease. The sheet separations behave
oppositely. With b := ¢ /A and Kummer’s transformation (Abramowitz & Stegun 1972, formula 13.1.27), the response function (2.82) is

=se Yy ———— =" e "Mbb+la)=—" M1 b+l -a)=="") .
c(&) = soe 2 om0 ¢ e "M, .a) ¢ (1, ,—a) ¢ bt (2.94)

where M is the Kummer function (Abramowitz & Stegun 1972, chapter 13) and (x),, is the Pochhammer symbol defined in eq. (C4). Hence,
asymptotically for |5| > 1,

c({)zsc_o[l_g_’_a(a—l—l)_a(gz—|—3a—|—l)+”_i|.

2.
b b? b3 (2.95)

See the end of Appendix B for sufficient conditions under which an infinite discrete spectrum evolves.
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2.5 Two examples of a more complex spectral function

In the previous examples with a continuous spectral function, this function was non-vanishing in only one interval. Now we present two simple
examples of a spectral function w(A) with a slightly more complicated structure.

Continuous spectrum plus single spectral line. The addition of a single spectral line at A = 0 can drastically change the thin-sheet pattern.
This is discussed by considering instead of w(A) the weighted mean

we(X) :=€508(M) + (1 —e)w(r), 0<e <1, (2.96)
with the response function

ce(§) = €s0/¢ + (1 = €)c(2), (2.97)

where s is the zero-order moment both of w(A) and of w.(}).

The limit € = 1 describes simply a thin surface sheet with vy = 1/(u¢s0), which can be considered as the extremal expression of a
sequence with decreasing conductances and increasing separations. On the other hand, the limit € = 0 recovers the sheet parameters of w(}).
Therefore, in the model class of sequences of thin sheets with increasing conductances and decreasing sheet separations, which were typical
for the first two examples treated in Section 2.4, intermediate values of € will generate the complementary sequence of sheet parameters with
decreasing conductances and increasing separations.

The resulting modifications of the sheet parameters are simple: let

So€) =1, T ):=1+€) (tu/T0), n=1. (2.98)
m=1
Then
_ 2
70(€) _1 7,(€) _ 1—e¢ ’ d,(€) _ E,H(e)’ ne 1, 2.99)
To T Enfl(e)zn(é) dn l—e€

where 7, and d, refer to w(}X) and 7,(¢) and d,(¢) to w.(A). With increasing €, obviously t,(¢)/7, decreases, d,(¢)/d, increases, and for
€ = 1 only the surface sheet subsists.
This transformation is proved via the moment presentation of eqs (2.32) and (2.33) of the sheet parameters. Eq. (2.96) implies

so(€) = s, sk(€) = (1 — €)s, k > 1. (2.100)
Therefore, the Hankel determinants (2.30) are modified as follows:

NG e)/ A ()= —€),i>1, (2.101)

eso  A,_1(2)
l—e€ An(O)
In the last step, we have made use of eq. (2.42). Then eqs (2.101) and (2.102) in conjunction with eqs (2.32) and (2.33) lead to eq. (2.99).

Moreover, eq. (2.42) yields S,(¢)/S, = 1/%,(¢), whereas for z,(€)/z, no simple expression exists. Invariant under a change of ¢ are the
quantities

A0, €)/An(0) = (1 — €)" [1 + ] =1 - 'S, i(e). (2.102)

tj(e)d,,(e)d,,ﬂ(e) and ! ! ]n > 1. (2.103)

1
0,0 [m(e) Lo

Bipartite continuous spectrum (plus single spectral line). This spectrum is related to the periodic structure t,, = 7, at z, = 2nD and
Tonsl = Tp atzp,y = (2n + 1)D, n > 0. As inferred from eq. (2.20), the response function ¢(¢) is implicitly defined by

1
o(t) = 1 (2.104)
MOTa{ + 1
D +

HoTh¢ + Drao) @)

and therefore reads explicitly

2S()()xb + é')

Q)= (2.105)
EOw 4 )+ /T + D0 + OO + )
with
1 2 2
= J Ay = LAy = e = Ay + A 2.106
%0 HoTa MOTaD b ,lL()‘L'bD b ( )
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[The square root in eq. (2.105) has to be computed as the product of the square roots of the four factors of the radicand.] First let 7, > 7,
implying A, < A,. Then the spectral function, as deduced from eq. (1.11) with ¢ = —1 +i07, is

Vi = )y = R)(he — 1)

L0 <A <A,
wiy = 20 (he = 20V o

Tha | VO =)A= M) =2)

2% — he)VA e

The support of w(X) consists of two intervals of equal length 1, the zero A = A./2 of the denominator lies in the gap between these sections
and therefore plays no significant role. The case 7, < 7, or A, > X, requires two modifications. First, the upper form of w(2) holds in the

range 0 < A < A, and the lower form in the range 1, < A < A.. Secondly, ¢(¢) now has a pole at { = —A./2, which augments the spectral
function by

A — A
Aw(h) = S‘)(A—b) SO0 —Ae)2). (2.108)

s remains the zero-order moment of w(%). Taking into account that 2s5,/1, = D, it is seen that the omission of the pole would result in the
spectral function of a periodic structure starting with 7, rather than 7,(t, > t,). More obviously, this follows also from the identity

o) = Dra(p+¢) _  Dhp(ha +9) Dy — Ap)

COw+ &) +sqr (o +8)+sqr e +2¢

where sqr denotes the square root in eq. (2.105).

In the particular case 1, = X, the two intervals coalesce and w(X) agrees with the Jacobian spectral function (C1) fore = —1/2, 8 = +1/2,
a =0 and b = X.. In this limit, eq. (2.105) coincides with eq. (C15). The spectral function w(A) and the first polynomials are displayed in
Fig. 3 for t, > 7, and in Fig. 4 for 7, < t,. With w(X) given, the polynomials were obtained by the numerical method of Section 2.2. [Since

: (2.109)

7, and d, are known in this example, analytical expressions are also easily obtained via eqs (B6) and (B10).]

If more generally the sheet parameters are p periodic, such that p is the smallest integer satisfying 7,4, = 7, d 4, = d,, for all n, then for
p > 2 the continuous spectrum consists of p disjoint sections with at most one spectral line in each of the gaps (Grommer 1914, pp. 151-152;
Wouk 1953, pp. 156-157).

3 PIECEWISE CONTINUOUS CONDUCTIVITY STRUCTURES

3.1 The nature of the spectrum

Whereas in the previous section the conductor consisted of a finite or infinite stack of thin sheets, we are now considering the other extreme
that no thin sheet is allowed to occur in the layering: the conductor consists of sections with continuous variation, possibly separated by
interfaces where the conductivity changes discontinuously. For this class of conductivity models, the nature of the spectrum was studied by
Weidelt (1972). The main results will now be summarized. Let z,, be the maximum depth to which an external electromagnetic field can

j -/1.00
//075

n= / 1 w(A)* g
1 / 10.50 T

_—— - — — — — {025

,/ / 0.00
/
n=2 /
e

, N /
-3.0} \. 5 /

i N o
—4.0 . . . . . . . . . . .

0.0 0.5 1.0 1.5 2.0 2.5 3.0

—> A%

Figure 3. Weight function w(2) and the first orthogonal polynomials p,(1) for a double-periodic sequence of sheets with the better conducting sheet at the
surface (7, > tp or A, < Ap). The weight function is normalized with sg = 1.
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7.0 T T T T T T T T T T T 1.75
I — Y|
6.0 Aa/Ap=2 / [{1:50
/]
5.0 : 41.25
// .
/ ‘/ {1.00
n:2/' / ] w(A)*Ay
. 10.75
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S / {0.50
LR
| —/./_ n_oj’:_ —10.25
v : Ao 00
:‘/ .
‘ ‘ ‘ ‘ ‘ ‘ ‘\_?__/"nzs ‘ ‘
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Figure 4. Weight function w(2) and the first orthogonal polynomials p, (1) for a double-periodic sequence of sheets with the better conducting sheet at depth
z=D (t, <Tpori, > Xp). Now an additional spectral line occurs at A := (L, + Ap)/2. This line is displayed as a rectangular box with an arbitrary width,
the area of the box, however, equals with the strength of the spectral line. Again the normalization s = 1 is applied, to which in the present case the spectral
line contributes 50 per cent and therefore exerts a great influence on the behaviour of p,(1) near A = A, (compare with Fig. 3).

penetrate, i.e. z,, is either infinity, if the conductivity is bounded everywhere, or z,, is the finite depth below which infinite conductivity screens
the electromagnetic field. The nature of the spectrum then depends on the integral

Zm

I := Vo(z)dz. (3.1)
0

It is assumed that 0 < ¢(0) < oco. The following two cases have to be considered.

(1) I < oo: in this case, ¢(¢) shows on the negative-real semi-axis an infinite number of poles at { = —A,,. For m >> 1, poles and residuals
are given by A,, >~ m?m?/(iol?) and w,, >~ 2/[110/0(0)]. Therefore
w(A) = wy6(A — A,)  with
1

m=

w, = 00. (3.2)
m=1
The asymptotic behaviour of w,, follows from Weidelt (1972, p. 262) using the asymptotic theory of Morse & Feshbach (1953, p. 739).
(ii) 7 = oo: the isolated poles beyond a certain limit point A 5 merge into a branch cut from ¢ = —A to £ = —oo with w(x) = O(1/+/1)
for A — o0o.In —1 3 < ¢ <0, a finite number of isolated poles or branch cuts of finite length may subsist.

In both cases no moment of w(X) exists. A few examples illustrate these results.
Uniform layer over perfect conductor or insulator. The layer of conductivity o and thickness D is the first lying over a perfect conductor.
Then I = /oD is finite and

tanh(v/oooD) v Wy

= 3.3
C(C) kY% §H000 m=1 )‘m + g‘ ( )
with

_ 22
w, = 2 . (m—1/2)yn . (3.4)

woooD’ " oo D?

For D — o0, the poles coalesce and ¢(¢) approaches the uniform half-space response 1// 1190, with a branch cut from ¢ = 0to { = —o0.

The changes for an underlying insulator are that tanh is replaced by coth, m-1/2 by m and a term 1/(¢ oo ¢ D) is added in the series expansion.
Continuous conductivity variation o(z). In the model

o =0y/8*8:=1—bz, (3.5)

quite different solutions are obtained for » > 0 and b < 0, corresponding to / = oo and / < oo, respectively.
First, let b > 0. Then 0 — oo for z — 1/b and I = oo. From eqs (1.2), (1.3) and (1.11), we find that the electric field, response function and
spectral function are (k? := {190¢)

A/ Ao0o

1 1
E(z) ~ §exp(—kz/8), c(¢) = bk e m- (3.6)

v =
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Next let b < 0. Then I = ,/o¢/|b| < 00 and

. 1 31b = m
E(z) ~ & sinh{k/(b8)}, do:b—kmmwm:;;;+ f%?, 3.7)
m=1 "M
where
2
)‘fm = (bxm) s Wy = Lb' (38)

Ho0o " ooy’
and x,, is the mth positive root of xcot x = 1, implying x,, >~ (m + 1/2)z form > 1.
Example of a branch cut with an isolated pole. Let 0 < g < p and consider the two responses
A

c:x(l) = ——77: (3.9)
Vi+pEJq
where 4, of dimension m s™'/2, is a positive constant. Both responses have a branch cut from ¢ = —p to ¢ = —oo. However, in addition,
c_(¢) exhibits an isolated pole at ¢ = —(p — ¢). The spectral functions
A /A= pOOKL —p)
wih) = —  ————, w_(A) = wy(A) + 24/q8(L — p + q) (3.10)

b4 A—p+gq
differ only by the contribution from this pole. Here ©(-) is the Heaviside step function. The conductivity distributions associated with ¢..(¢)
are

A2

[4— (/P JDPIA+ (/P F JD2P
They are shown in Fig. 5 and give rise to the electric field
Er(@)~[4 - P+ V1" A+ P F V=1 (3.12)
withay = (1 /1T+¢/p)/2.

Hoo£(2) = (3.11)

3.2 Constant-phase conductivity models

In this section, the restriction 0 < o (0) < oo is dropped and o (0) is allowed to attain both bounds. As a generalization of the spectral function
(1.14) of a uniform half-space, we consider for 0 < A < oo an inverse power law, in which spectral function w(}) and response function c¢(¢)
are related by
sin(re) A A
().—Qdoz—;0<e<L (3.13)
}\’E {6
The integral representation (1.4) converges only for the restricted range of the exponent €. Obviously no moment of w(2) exists. The positive
amplitude 4., generally depending on € and of dimension m s™¢, is at our disposal. The selection in eq. (3.13) was guided by the quest for a

w(A) =

0.0 -

0.2

1] . O 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
— o(z)/0(0)
Figure 5. Conductivity distributions o +(z) corresponding to spectral functions w 4+ (A) with the same continuous part and an additional spectral line of w_(1).

The dominating influence of this line on o _(z) is obvious, because an isolated spectral line corresponds to a thin surface sheet with a perfect conductor at
depth. For z — z,, := 4/(\/p — \/9), conductivity o _ tends to infinity. The parameters are defined in the text.
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simple ¢(¢). The magnetotelluric response functions (apparent resistivity o, and phase ¢) are
00 = opolel = pod2e0' ™, ¢ = /2 + arg(c) = (1/2)(1 — e). (3.14)

As a particular facet, the phase is independent of frequency. Clearly, € = 1/2 refers to the uniform half-space. However, which conductivity
profile is connected with arbitrary €?
This question is answered by relating eq. (3.13) to the Jacobian spectral function (C1) with
A, sin(e)
(1l —e€) ‘

Using eq. (C13), it is inferred that d, ~ so/b ~ 1/b¢. Therefore d, — 0 for b — o0, i.e. the thin-sheet structure is transformed in this limit

a=—€=0,a=0,b— 00,5 = bl-e. (3.15)

into a continuous conductor. Because a parcel of finite thickness now comprises many thin sheets, attention can be confined to eq. (C14),
being the limit of eqs (C12) and (C13) forn > 1,

2T (e)n'~2 24.T(1 — !

n S S n S > 3.16
Mot = T —epi— T()b* (3.16)
where it was noted that 7 /sin(;re) = I'(e)['(1 — €). A conductivity o, := 7,,/d, is assigned to a depth z,, obtained by integrating d, over n.
Therefore,

I'2(e) n2\' AT —€) (n*\°

= — , oz = ——— | — ) . 3.17

Hoon =" — o ( b ) : eT'(e) ( b ) (3-17)

In our application, b and n (occurring in the combination n%/b only) independently tend to infinity. As a consequence, the parameter n*/b
can attain all positive values, with small values referring to shallow depth. Therefore, eq. (3.17) is a parameter representation of the desired
conductivity profile o (z). In this simple case, the parameter can be eliminated to yield

T(e)(ez)' 7" ~ b
AT —e) '

When approaching the surface from below, the conductivity decreases to zero for € < 1/2 and increases to infinity for € > 1/2, but remains

oo (z) = [ (3.18)

integrable. In the first case, the limiting model for € — 0 is an insulating layer over a perfect conductor at depth 4. In the second case, a thin
surface sheet with conductance 1/(to 4) is the end-member for e — 1.

In view of the various limiting processes involved, it appears worthwhile to verify that o(z), given in eq. (3.18), in fact reproduces the
response (3.13): the solution of eq. (1.2) is (Abramowitz & Stegun 1972, formula 9.1.51)
_ €l(e)e
AT —€)
where K. (-) is the modified Bessel function of the second kind and order €. With the boundary values (Abramowitz & Stegun 1972, formulae
9.6.9,9.6.26 and 9.6.6)

1 1
E(0) = EF(e)/f, E'(0)= _ZF(I — )P, (3.20)
the response is, according to eq. (1.3),
_ EW©0)  el'(e) ﬁ
E(0)  pl(l—e) ¢

E(z) = V/zZK[2(p2)"/?9], (3.19)

(3.21)

3.3 Piecewise continuous conductors including thin sheets

Stack of thin sheets over a piecewise continuous conductor. By the non-linear interaction of a finite stack of thin sheets with an underlying
piecewise continuous conductor o ,.(z), essential properties of the thin sheet response function, characterized by a finite number of poles, are
imparted to the combined response function c¢(¢): if the response function c,.(¢) has a branch cut at { = — p, then ¢(¢) can show a number
of poles in 0 > ¢ > —A 5 resulting from the thin sheets. Moreover, the stack of thin sheets acts as a low-pass filter by damping w(}) for A —
oo. Consequently, now a number of moments exist, which allow all thin-sheet parameters to be resolved.

Transferring the general case to Appendix E, here only an illustrative example is considered. It consists of a thin surface sheet of
conductance T > 0 overlying a piecewise continuous conductor with o (z) = 0o/(1 — 90 opz?)* [see eq. (3.11) with ¢ = 0 and 4* =
1/(000)]. The corresponding response function and spectral function are, following eqs (3.9) and (3.10),

| 0. — p)
NETIT 7/ (h = p)rooo

With 1/¢(¢) = ¢ oto + 1/cpe(¢) and eq. (1.11), the combined model gives

1 (A — p)rooy®(r — p)

1
s wh)= — - + vi8(A — 3.23
{ioTo + /(& + piteoo ) T (AoT0)* + (A — p)reoy nid — k) (3-23)
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Figure 6. Spectral function w(2) of a single thin sheet embedded in a uniform half-space. With increasing & = /Ajoo D the height of the peaks increases
(~a,, B2 /7) but the area under the peak decreases (~1/a,,), where § := t/(oc D) and a,, =~ (m — 1/2)x is the approximate position of the mth peak for
m> 1.

with
: “ 2P Appetl/ (3.24)
V= —— - Ky = <p,o:= 75 /00, .
T Jrel+ it 1+vita P PHoTo /o0
where ¢ = —ic is the pole of ¢(¢). Because w(X) = O(A~3/2) for A — oo, the zero-order moment s of w(}) exists and yields (including the

contribution from the pole) s = 1/(1407o). It allows 7 to be resolved and is independent of 7 c(z).
Thin sheet embedded in a piecewise continuous conductor. This model class will be illustrated by the following two simple examples

only.

(1) Thin sheet of conductance T embedded at depth z = D in a uniform half-space of conductivity o. The response
c(¢) 1 14+ ap + cotha T
_ =, = D, = e 325

D ~ 4 (tapeothari &= VemoD f="h (3.25)
gives rise to the spectral function
w(A) 1
— = , = /Ao D. 3.26

D an[l + af sin2a) + a2 B2 cos? a] * foo (3:26)
The parameter S is the conductance ratio of thin sheet to overburden. The resulting spectral function is displayed in Fig. 6. For D > 0, no
moment exists: w(A) oscillates around the uniform half-space spectral function (dotted line) and shows peaks near « = «,,, >~ (m — 1/2)7,
m=1,2,3,.... The peaks get more pronounced with increasing A and 8, and thus w()) resembles more and more the spectral function (3.3)

of a uniform layer overlying a perfect conductor. For m >> 1, the area under the peaks approaches 1/, ~ 1/m, which underlines that not
even the zero-order moment exists.

(i) Periodic sequence of thin sheets of conductance T embedded at depth z =nD, n = 1,2, 3, ..., in a uniform half-space of conductivity
o. The periodicity condition yields the response

c¢) _ 1 ap/2+/T+apcotha + (ap/2)

= 3.27
D a 1 + ap cotha (3-27)
Let R: = 1+aBcota-(aB/2)*. Then c(¢) is associated with the spectral function
w(A 1 VRO(R 2. B2a,,8(0 —
W _ 1 (R)_, $ Flondle— o) 528)
D ar 1+ afcota

B + sec? a,

where ©(-) is again the Heaviside step function and «,, is the mth positive solution of 14+« Bcotee = 0 with «,, >~ (m—1/2)m, sec «,, =~

m=1

(—=1)"Ba,, for m > 1. As in the previous example, in this limit the amplitude of §(o — «,,) is 1/, and therefore no moment exists. This
asymptotic behaviour is also seen in Fig. 7, which displays w(A)/D. Because «,,8(o — o)) = 2X,,6(A — X,,), in the A representation the
amplitudes tend to the constant value w,, >~ 2/(uoo D).
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Figure 7. Spectral function w(A) of a periodic sequence of thin sheets embedded into a uniform half-space. It results in an infinite number of continuous
spectral sections separated by discrete spectral lines. These lines are displayed by rectangular boxes of equal width, with an area corresponding to the strength
of the line.

3.4 Inversion of the spectral function for piecewise continuous conductors

In the case of thin sheets, the sheet parameters could be inferred from the spectral function by the numerical algorithm described in Section 2.2.
For piecewise continuous conductors, the situation is more complicated. At least in the case that o (z) has no discontinuities at all, the various
Gel” fand—Levitan type techniques will serve for this purpose (Weidelt 1972; Whittall & Oldenburg 1986, 1992). Without readdressing the
topic in detail, only a short description is given.

The unstable determination of the spectral function w(2) from experimental data is the most difficult part of the inverse problem. However,
if w(X) is assumed known, the inverse problem is reduced to a stable (linear) Fredholm integral equation of the second kind, in which the
kernel is derived from w(1). Let 0 < 0(0) < oo, u := /Aueo(0) and w(w) := w(X). Then w(u) — 1/(wp) for 4 — oo and the kernel of
the integral equation is constructed from

0, x<0,
(1/m0) [ 11 = mp(w)l cos(ux) dp,  x =0,
where x has the dimension of a length (a distorted depth coordinate). The kernels of the linear integral equations are K (x|y) = B(x + y) +

B(x — y) in the Gel’ fand-Levitan method and K (x|y) = B(]x — y|) in the Gopinath—Sondhi technique. The latter technique is applicable
even to a discontinuous o (z). For further details, see the references given above.

B(x) = (3.29)

4 CONCLUDING REMARKS

This paper investigates for the first time in some detail the question how in 1-D magnetotellurics the conductivity structure o (z) is mapped
onto the structure of the corresponding spectral function w(A). A gross summary is given in Table 1. It classifies the conductivity structures
according to obvious properties of the spectral function such as continuous and discrete parts and how many moments exist. The term ‘strong
parameter variation’ is not well defined. With reference to the end of Appendix B, it means, loosely speaking, that for n > 1 asymptotically
the limits 0 or co are attained either for the product 7,d .+, or for the ratio of parameters of adjacent sheets.

Appropriate mathematical tools for the treatment of thin-sheet structures are CFs, orthogonal polynomials, Hankel determinants and
second-order difference equations, which show an intimate relationship and allow one to see the w(A)—o(z) correspondence under different
aspects (Sections 2.1-2.3 and the Appendices A and B). For instance, the three-term recurrence relations (A3) for CFs, eq. (2.7) for orthogonal
polynomials and eq. (B3) for second-order difference equations turn out to be different views of the same object.

Table 1 is incomplete as far as thin sheets embedded in piecewise continuous conductors are concerned. For these conductivities, no
moment exists, but the nature of the spectrum found in the examples at the end of Section 3.3 (a continuous spectrum or an infinite sequence
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Table 1. First classification of conductivity structures according to how many moments of w(A) exist and the
nature of its spectrum. Examples for a strong parameter variation are given at the end of Appendix B.

Number of moments

Nature of the spectrum

Continuous sections

Completely discrete

with some discrete lines

All moments exist
thin sheets

A few moments exist

No moment exists

Infinite sequence of

Thin sheets over a
piecewise continuous
conductor with /7 = oo

Piecewise continuous
conductor with 7 = co

Finite sequence of thin
sheets or infinite sequence
of thin sheets with a
strong parameter variation

Thin sheets over a
piecewise continuous
conductor with / < oo

Piecewise continuous
conductor with 7 < oo

Abbreviation: [ := [OZ " Jo(z)dz, where z,, = oo or the depth of a perfect conductor.

of continuous sections, separated by a single spectral line) does not fit into the scheme of Table 1; for these structures an extension of the table

is required.

No systematic treatment of the w(A)—o (z) relation for piecewise conductors has been attempted. The examples in Section 3 have been
selected mostly for an informative illustration rather than for a systematic coverage of all aspects.
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APPENDIX A: DIRECT EXPRESSION OF THE SHEET PARAMETERS IN TERMS OF
THE MOMENTS

In Section 2.3, the relationship (2.32) and (2.33) between the moments s; and the sheet parameters 7, and d, was derived via orthogonal
polynomials. The alternative derivation of this appendix can be obtained from results presented by Perron (1913, § 58 and § 67) after a number
of transformations. With a loose reference to this source, we will give a short derivation directly related to the pertinent CF (2.20). Let

4,(2)

(m) —

") = (AT)
B, (¢)

be the mth order approximant of ¢(¢) in its representation by the CF (2.20). With the starting values

Ao=0, By=1 A1 =1, Bi=potd, (A2)

An(¢)and B, (¢) are forn = 1, 2, 3, ... recursively obtained from
Xow = dy Xowo1 + Xopa,  Xowg1 = 0T Xow + Xopo1, (A3)
where X, := A4,, or X,, := B,, (e.g. Wall 1948, p. 15). By induction it is inferred that

n—1 n
A($) = Zazn,zfe, Byu(Q)=1+ szn,zfe, (A4)
=0 =1
n n+1
Aop1(@) =14 Y 108", Bur@) =) b1t (A3)
=1 =1
where in particular
bowy = H(Hork—ldk)s bontims1 = MoTy l—l(l/votk—ldk)v (A6)
k=1 k=1
implying
WoTw = bapstns1/bonns  dust = bani2ni1/bonsins- (A7)

Eq. (A7) shows that for the computation of 7, and d, only the coefficients (A6) have to be determined. Again by induction it is found (e.g.
Wall 1948, p. 16) that
—1y"
() — ) = g
Bm(;)Berl(;)

which, according to eqs (A4) and (AS), is O(1/¢"*!) for |¢| — oo. After expanding the kernel 1/(A 4 ¢) in the integral representation (1.4)
of ¢(¢) in powers of 1/¢, |¢| — 0o, we obtain a representation of ¢(¢) in terms of its moments,

% )k
()= {kif}‘. (A9)

k=0

(A8)

If w(x) =0 for A > b, b < oo, this expansion is convergent for || > b, otherwise it is valid only asymptotically. Because ¢ (¢) and ¢ +D(¢)
agree in powers of 1/¢ less than m + 1, it can be concluded that ¢ reproduces the first m terms of the expansion (A9), i.e.

m—1 k o)
m (_1) Sk 8mk
¢t >(;)=/§_0 Zer + ChT (A10)

where only the coefficients g, of the second sum depend on the order m of approximation. Multiplication of eq. (A10) with B,,(¢) yields

k=m

m—1 Ve o]
(_1) Sk 8mk
An(Q) = Bu(0) - Y + Bal0) - Y Sr (Al1)
k=0 C k=m {
First, let m = 2n and compare the coefficients of the powers (1/¢)/, j = 1,..., n. With reference to eq. (A5), we obtain the 7 equations
n—1
Z(—l)ﬁ"sﬁkbz,,’kﬂ =(1sio, j=1,...,n. (A12)
k=0

The range of j is chosen in such a way that the coefficients a,,, and g, are not involved. The right-hand side results from the term b, o = 1
in eq. (A4). The solution of this set of equations for b,, , gives, with A, (i) defined in eq. (2.30),

A,(0)
oy = 222 Al3
70 = A (A1
using
det[(—1)i+j+ksi+j+k]j,k=0 ‘‘‘‘‘ a1 = (=1)""det[si 4] jh=0...n1- (A14)

Next consider eq. (A11) with m = 2n + 1. A comparison of the coefficients of (1/¢)/, j =0,..., n, yields with reference to eq. (A5) the n
+ 1 equations

Z(_l)j+ksj+kb2n+l,k+l =08p;, j=0,...,n, (A15)
=0
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where §,,, is the Kronecker symbol. The right-hand side originates from the term a,,.1,0 = 1 in eq. (AS5). Solving for b,,11 11, We obtain
Ay (1)

A,1(0)

Eqs (A7), (A13) and (A16) then yield the desired expressions (2.32) and (2.33) of the sheet parameters in terms of the moments.

b2n+1,n+1 = (A16)

APPENDIX B: COMPUTATION OF W) FOR GIVEN THIN-SHEET PARAMETERS

This appendix sketches the solution of the forward problem, i.e. the determination of w(X) from the sheet parameters. First, a finite stack
of N thin sheets with conductances 7, atz = z,, 0 <n < N — 1, is assumed (see Fig. 2). The sequence is terminated with 7y = oo at
z = zy. Moreover, zo =0, d,,+1 = z,+1 — z,. Then the eigenvalue problem (1.5) reads

é(z) —€(z,) = —rmome(z,), 0 <n < N — 1 (B1)
with €'(z,) = [e(z,) — e(z,4—1)]/dy, € (z}) = [e(z141) — e(z,)]/d »+1 and the boundary conditions €'(z;) = 0, e(zy) = 0. With
Jo = Vote), £ = (fo, fir ooy fv-)' (B2)
it reduces to
Jyf=Af, (B3)
where Jy is the N-dimensional symmetric tridiagonal matrix (Jacobi matrix)
a P
B ar B
Jy = ' ’ (B4)
Bv-2 an—2  Bn-i
By-1 oy
with
1 1 (l‘f'l)ﬁ 1 l<n<N—1 (B5)
oy = , 0 = N = — b =mEm—(— 1l =n= — 1,
’ HoTod] HoTn dy  dyy 10/ Tn—1Tndn
implying that the principal subdeterminants
n—1
detd, = 1/ [ [(otudni1), 1<n <N, (B6)

m=0
are positive. Therefore, J is positive definite. Hence, for finite 7, d, and N, all eigenvalues A,,, | < m < N, are positive. Let f,, be the
normalized eigenvectors, f; f; = &8,,. Then F := (f,, f,,. .., fy) with the entries F,, is an orthogonal N x N matrix. Let the polarity of f,,
be fixed by F'y,, > 0. Conventional methods provide the expansion of the solution of eq. (1.2) in terms of F,,,, =: /ILoT,€n(z,),

E(Z,,, ;) — _E/(O_v () Z FOm nm. E (0 C)Z em(o)em(zn i (B7)

Ho/ToTn 2t hm +C Am +¢
and in particular, using eq. (1.3) and so = 1/(i070),
N
w .
OEDD - with  w,, = soF2, = €2 (0). (B8)

m=1 "M
This solves the forward problem for finite N.
Whereas the orthogonality of the columns of F expresses the orthogonality of the eigenvectors, the orthogonality of the rows of F is
associated with the orthogonality of the orthogonal polynomials p,(1). Let p,(An) := Fn//Wn. Then

Z o Fim = 8 = Z wmpn()‘m)pk()\m) - (pnv pk) (B9)

m=1 m=1

where the normalization (2.24) has been adopted. It implies po(1,) = 1/./so. Row (n + 1) of eq. (B3) reads for f = f,, (after division by
VWn)
BuPn—1(hm) + € pu(Am) + Bug1 Pug1 Oom) = A Pu(Ar), (B10)
which is the three-term recurrence relation (2.25). In contrast to 8; > 0 assumed there, the parameters 8 ; are negative here. This difference
changes only the polarity of the polynomials of odd degree, such that now p,(0) > 0 for all n. For given 7, and d,, the polynomials p, (i) can
be calculated via eqs (B5) and (B10).

For N — oo, the discrete spectral lines obtained for finite N will either cluster to one or more continuous sections of finite or infinite
support (with a few discrete lines subsisting) or they will remain discrete, either with A, as a finite point of accumulation or increasing to
+00.
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Of particular interest is an investigation of the conditions under which the spectrum remains discrete for N — oo. Although it appears to
be difficult to formulate conditions for the coefficients «,, and §,, which are both necessary and sufficient, at least some sufficient conditions
can be found in the literature. The spectrum remains discrete if for » — oo one of the following conditions applies.

(1) oy, = Ao >0, B, — 0 (after Achieser & Glasmann 1977, p. 80).
Examples:

@) T~ nl dy ~ 1nl oy ~ (L4 1/n) = o > 0,8, ~ 1//n — 0;
(b) Ty Nqﬁ; dn Nq;, qd:9d > 1; a, —> )‘«oc = Oa /Sn — 0.
Achieser & Glasmann consider only the case Ao, = 0, but Ao, > 0 is a simple extension of it.
(i) o, + Bn + Bur1 — + oo (Hinton & Lewis 1978 p. 431).
Examples:

@ t~1/n,dpyy~nla, + B+ By ~(n+1—/n—n+1)— 400
[this parameter set is a special case of eq. (2.93) and gives rise to the Charlier polynomials];
(b) Tp ™ qz: d, ~ q:}, qda <4:9a < 1 or l/qd <{:qa < La,+ ﬁn + ﬁn+1 ~ (1 - ‘Ir)(‘Irqz] - 1)/(611%1)" — + 00.

In the examples, ~ denotes proportionality with a positive constant independent of #. In case (i) the discrete eigenvalues accumulate at
the finite value A, in case (ii) the discrete eigenvalues tend to infinity.

APPENDIX C: THIN-SHEET MODELS GENERATED BY JACOBI POLYNOMIALS

The Legendre and Chebyshev spectral functions (cf. Section 2.4.1) are members of the great family of Jacobi spectral functions
so(k — a)'(b — 1)
(b—a)y P Ba+1,8+1)
where B(x, y) :='(x)['(y)/T'(x + y) is Euler’s Beta function. Fig. C1 shows a normalized version of w(2) for the symmetric choice o = B.
Legendre polynomials result from o« = 8 = 0, Chebyshev polynomials from « = § = —1/2. The response function is (Gradshteyn & Ryzhik
1980, integral 3.228.3)
K

c(¢) = ﬁ 2L B+ La+ B+2;2),z:=(b—a)/(b+1), (€2)
where , F'; is the hypergeometric function (e.g. Abramowitz & Stegun 1972, chapter 15), which converges inside the unit circle |z| = 1.

w(i) = a>—-1,>—-1,0<a <X <b, ()

Because 3¢ = 0, on the unit circle only the point z = 1 can be reached (for a = ¢ = 0). Here, , £, diverges for —1 < o < 0. In this case,

1.0

0.8

0.6

0.4

0.2

0.0
-1.0 -0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0

—> A

Figure C1. Normalized Jacobi weight functions w(A) witha = —1, 5 = +1 and so = 1. Shown are only symmetric functions with &« = § (curve parameter).
In addition, there are asymmetric weight functions with o # g, e.g. the periodic model (C15) with @ = —0.5, g = +0.5.
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¢(0) = oo means that a terminating perfect conductor is missing. Convenient for numerical evaluation is the power series

o o (B4 Dn (b—a)m
c(¢) = . C3
© =337 ;(a+ﬁ+2)m b+¢ ()
with the Pochhammer symbol
X =x-x+D-(x+2)...cx+m—1)=T(x +m)/T(x), (4
implying in particular (x)o = 1, (1),, = m!. Associated with eq. (C1) are the Jacobi polynomials
2h—a—b
pal3) =PI (7") (C5)
b—a
with
pu(0) = PP (—u) = (1) PP(w). ui=(b+a)/(b—a) =1, (C6)
where the transition from —u to 4+u requires the exchange of @ and 8. An explicit representation is
l &K n+a n+pB _
PPy = — ="+ )" C7
D) 2ZO< M )(n_m)(” RSV (€7)
With the polynomial parameters
_ (1t at B+ D@+ DB+ Duso )
! Qn4+a+p+Da+p+2),n "~
knp1 2 @rntat+p+D@nta+p+2) (©9)
k.,  b—a 2n+ Dn+a+p+1) ’
we obtain from eqgs (2.5) and (2.6)
1oty = [PEP @)’/ hyyn > 0, (C10)
kn+1hn
dpyt = — (5 ——wp N = (CI11)
kPP @) Py )
With P@H(1) = (a + 1),/n!, the resulting simplification for @ = 0 is
2 1 1), 2),
Motn:(n—l—oe—i-ﬁ—l— )(a—!—)(a—l—ﬂ—l—)’nzo’ C12)
(n+a+ B+ DB+ Danlsy
2 2 1),n!
= GFeFBEDEL Dt s (C13)
(@+B+2),(a+1),4 b
Asymptotically fora =0andn > 1,
Bl@+1,8+1) 2n%t! Mo+ 1) 250
HoT, = p . , -~ T (C14)
(e +1) So Bla+1,8+1) bn*
The exponents « = —1/2, § = +1/2 yield the completely periodic model o7, = 1/s¢, d,+1 = 45¢9/b, n > 0 with the response function
2S()
(f)= —————. (C15)
{+Vsb+2)
This result follows also from eq. (2.21) with ¢, = ¢, 41 =: ¢. Other classical orthogonal polynomials contained in eq. (C5) are the Chebyshev

polynomials of the second kind (¢ = f = 1/2) and the Gegenbauer polynomials (¢ = =y — 1/2,y > —1/2).

APPENDIX D: DISCRETE LEGENDRE POLYNOMIALS

The polynomials IT,(x|N) =: I1,(x),0 <n < N — 1, are polynomials of degree » in x, which are orthogonal with respect to summation over

the NV equidistant abscissae
Xp=2m/(N—-1)—1,0<m <N -1,

with xg = —1, x y_; = +1. The standardization IT,(1) = 1 leads to the orthogonality relation

1= 5; " N+m
— § IT, (x,,)IT,, = _. | | )
N 2 oMt = 575 L Ly,

IT,(x) is easily obtained from the recurrence relation
n+1)N—n—DI,. —2n+ )N — DxIT, +n(N+m)l, =0, <n <N -2,
starting with [Ty = 1, IT; = x. The subsequent polynomials are
M, — 3(N—1)x?>— N — l’ = x[5(N — 1)2x2—3N2+7].
2(N —2) 2(N —2)(N —3)

(D1)

(D2)

(D3)

(D4)
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The relation between IT,(x|N) and the Legendre polynomial P,(x) is

A}im IT,(x|N) = P,(x). (D5)
From eq. (D3) follows the limit, a result required in eq. (2.89),

. 2N —1)(N —1
timv =m0 = VD @ -y o) (D6)

The present standardization establishes a close relationship between I1,(x) and P,(x) in eq. (D5). With a different normalization, these
polynomials (sometimes also called Chebyshev polynomials) are treated by Erdélyi et al. (1953, p. 223) and Szeg6 (1975, p. 33).

APPENDIX E: STACK OF THIN SHEETS OVER A PIECEWISE
CONTINUOUS CONDUCTOR

As a generalization of the introductory example of Section 3.3, it is now assumed that the overlying conductivity structure consists of N thin
sheets with conductances 7, and separations d,, 11, n =0,..., N — 1. Here, dy > 0 is the separation between the last conducting sheet 7 _,
and a piecewise continuous conductivity profile o ,.(z) starting at z = zy. Let the response function and spectral function at z = zy be given
by cpe(¢) and wpe(1). The corresponding surface response can be obtained by using the recursion relation (A3) with the only modification

that now
Xoy = (dN + Cpc)XZN—l + Xon—2, Xy = Ay 01 By (El)
Then eq. (A1) yields
A
o(t) = 2N(§). (E2)
Byn($)

If ¢ is real, both X,y _; and X,y_, are real too. The two cases (i) / < oo and (ii) / = oo, distinguished in Section 3.1, require different
treatments.

(1) I < oo: then

o0

Wiy
@) =) T Wm0 A 20 (E3)

m=1
Assuming first that Boy_1(—21,,) # 0 for all m, the poles A,, of c,.(¢) differ from the poles k, of ¢(¢), the latter being the solutions of
B,y (¢) = 0. Therefore,

w(l) = Z V86X —Ky), v, >0, k,>0, (E4)

with v, = Aoy (—k,)/ By (—k ). After performing the differentiation and replacing dy + cpe(—k ) by —Ban—2(—k,)/Ban-1(—k ), we obtain
(omitting the argument ¢ = —«,, throughout)

1
— = 322N 1 pc+(BZN szN 1 — Bavo1Boy )

v,
,, 3 (ES)
2N 1 Z ()\m — K")z + ZMOT{BZZ > 0.

m=1

Here, the implication from eq. (A8) that
Bon—2(§)Aan-1(§) — Aav—2(8)Ban-1(¢) = 1 (E6)

has been used. Moreover,

N-1
Ban-2(0)Byy_1(€) = Byy 5(Q)Ban—1(8) = Z 140Te B3,(0)- (E7)

=0
If, however, B,y_1(—A;) = 0 for some j, then eq. (E6) yields A>y_1(—2;) # 0 and therefore A; =: k, will also be a pole of ¢(¢). Then
eq. (E1) gives

im @By ()= lim. %A‘“) = By, (ES)
Therefore, eq. (ES) is replaced by
N-1
1/va = B3y o(—ka)/wj + Y poTe B3y (—k) > 0. (E9)
=0

A detailed analysis provides for n > 1 the asymptotic results «, = O(n?) and
dy >0:  cpe(—ky) = —dy, vy = O, *N),

(E10)
dN = O : cpc(_Kn) e 1/(MOTN—1KH)’ Uy = O(K;:2N+l)-
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(ii) 1 = 00: now cpc(¢) has a branch cut from ¢ = —Ap to ¢ = —00. For ¢ = —A, A < A3, the response c,c(¢) is also real, see eq. (3.9) or
eq. (3.22) for an example. Therefore, in this A range, the real function B,y(¢) may have a number of zeros at { = —k,, k, < Ap. Again, a
possible pole A, of ¢,c(¢) is suppressed if Boy_1(—A,,) # 0; otherwise, the pole subsists in ¢(¢) with the residual given by eq. (E9). For ¢ =
—A, A > X, the response ¢, is complex. From eq. (E1), it follows that now B,y(¢) = 0 has no solution. Therefore, recalling eqs (1.11) and
(Eo),

Wpe(M)OR — Ap)
wh) = 25— Y 0,80 — k), Ky < hp, Ell

)= (g Crgionp + 2 w0~ k) . (E1)
where O(-) is again a Heaviside step function. Assuming for o, the quite general power law (3.18) when approaching z = z,y from below, we
have, referring to eq. (3.13), cpe(¢) = O(1/¢°) for [{]| = oo and wye(A) = O(1/4) for A — 00, 0 < € < 1. With reference to eqs (E1) and
(AS5), the leading term of B,y for A — 00 is ~ [dy + ¢pe(—A + i0)]AY. Therefore in this limit,

dy >0: wl)=OK 2N,
dy=0: w)=OK2*e),
(For the introductory example of Section 3.3 holds N =1,e =1/2,dy =0and A3 = p.)

(E12)

If dy > 0, eqs (E10) and (E12) allow the 2N moments s, £k = 0,..., 2N — 1, to be calculated and, if dy = 0, the 2N — 1 moments sy,
k=0,...,2N — 2, can be obtained. In both cases, the number of moments agrees with the number of thin-sheet parameters. Therefore, the
thin-sheet parameters can be determined from the given moments, which in fact do not depend on o ,.(z) (see the introductory example of
Section 3.3).
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